Design and Control of Compliant Actuation Topologies for Energy-Efficient Articulated Robots by Roozing, Wesley
ITALIAN INSTITUTE OF TECHNOLOGY
UNIVERSITY OF GENOVA
DOCTORAL THESIS
Design and Control of Compliant





Dr. Nikolaos G. TSAGARAKIS
A thesis submitted in partial fulfillment of the requirements
for the degree of Doctor of Philosophy
in the
Humanoids & Human Centered Mechatronics
Department of Advanced Robotics
Italian Institute of Technology
January 18, 2018

Humanoids & Human Centered Mechatronics
Department of Advanced Robotics
Italian Institute of Technology




Humanoids & Human Centered Mechatronics
Department of Advanced Robotics
Italian Institute of Technology
Via Morego 30, 16163 Genova, Italy
Tel.: +39 010 71781 481
Fax.: +39 010 71781 232
Department of Informatics, Bioengineering, Robotics, and System Engineering
University of Genova
Via All’Opera Pia 13, 16145 Genova, Italy
Tel.: +39 010 3532 983
Fax.: +39 010 3532 948






I, Wesley ROOZING, declare that this thesis titled, “Design and Control of Compliant
Actuation Topologies for Energy-Efficient Articulated Robots” and the work pre-
sented in it are my own. I confirm that:
• This work was done wholly or mainly while in candidature for a research de-
gree at this University.
• Where any part of this thesis has previously been submitted for a degree or
any other qualification at this University or any other institution, this has been
clearly stated.
• Where I have consulted the published work of others, this is always clearly
attributed.
• Where I have quoted from the work of others, the source is always given. With
the exception of such quotations, this thesis is entirely my own work.
• I have acknowledged all main sources of help.
• Where the thesis is based on work done by myself jointly with others, I have











Design and Control of Compliant Actuation Topologies for Energy-Efficient
Articulated Robots
by Wesley ROOZING
Considerable advances have been made in the field of robotic actuation in recent
years. At the heart of this has been increased use of compliance. Arguably the most
common approach is that of Series-Elastic Actuation (SEA), and SEAs have evolved
to become the core component of many articulated robots. Another approach is
integration of compliance in parallel to the main actuation, referred to as Parallel-
Elastic Actuation (PEA). A wide variety of such systems has been proposed. While
both approaches have demonstrated significant potential benefits, a number of key
challenges remain with regards to the design and control of such actuators.
This thesis addresses some of the challenges that exist in design and control of com-
pliant actuation systems. First, it investigates the design, dynamics, and control of
SEAs as the core components of next-generation robots. We consider the influence of
selected physical stiffness on torque controllability and backdrivability, and propose
an optimality criterion for impedance rendering. Furthermore, we consider distur-
bance observers for robust torque control. Simulation studies and experimental data
validate the analyses. Secondly, this work investigates augmentation of articulated
robots with adjustable parallel compliance and multi-articulated actuation for in-
creased energy efficiency. Particularly, design optimisation of parallel compliance
topologies with adjustable pretension is proposed, including multi-articulated ar-
rangements. Novel control strategies are developed for such systems. To validate the
proposed concepts, novel hardware is designed, simulation studies are performed,
and experimental data of two platforms are provided, that show the benefits over
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One of the primary challenges in robotic actuation today is the development of
high-performance energy efficient actuation concepts that allow for more efficient
machines with larger capabilities and more autonomy. Recent years have seen a
paradigm shift in the field of robotic actuation from stiff, mainly position controlled
concepts to compliant actuators in force control. This paradigm shift has sparked
significant discussion on how to design and control these actuators, and the search
for high-performance energy efficient robotic actuators has resulted in rapid devel-
opments.
Many of the proposed concepts take inspiration from biological systems, in both
their topology as well as the capacity for energy storage and release during motion.
In robotic systems, they provide significant further benefits such as improved force
control performance and physical robustness against impacts. This increased focus
on use of compliance has taken place by addition of elastic elements both in series
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with motor drives, and in parallel to the main actuation of robotic systems.
Arguably the most popular approach to the use of compliance in actuation has been
that of SEA. SEAs have evolved to become the core component of many articulated
robots, and they are finding their way into industry as commercial products as in-
tegrated actuation solutions. However, in the academic field, much discussion still
exists as to how best to design and control such actuators. Many real-world sce-
narios involve articulated robots in unstructured environments, where demands are
continuously changing and unexpected collisions are common. This requires their
actuation systems to provide robustness both in terms of control performance and
stability, as well as physical robustness.
To achieve these goals, many solutions have been proposed both in terms of design
as well as control strategies. However, a number of open questions remain. Par-
ticularly, the level of physical compliance that is suitable and beneficial for a given
application is unclear. Furthermore, the continuously changing environment pro-
vides unique challenges in terms of robust torque control of such actuators.
A different approach to the integration of compliance into robotic actuation is that of
parallel compliance, commonly referred to as Parallel Compliant Actuation (PEA).
In this field, a large variety of concepts has been proposed, ranging from simple
static parallel springs to more complex topologies involving multiple overlapping
branches, multi-articulation, and adjustability mechanisms. The latter has taken
many forms such as variable transmission mechanisms, clutches/switches, and pre-
tensioning mechanisms. While this concept has seen far less adoption than SEA
due to some of its unique challenges, significant benefits have been demonstrated,
particularly in terms of energy efficiency.
In contrast to research on SEA which has mostly focused on the single actuator level,
the scope of PEA based research tends to encompass the system level, designing
the actuation topology and its parameters based around the system of application.
From this larger scope follows larger design freedom which has lead to some very
interesting designs indeed. Particularly the synthesis of multi-articulated compliant
actuation topologies with optimised design parameters is an interesting field with
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many potential benefits demonstrated recently. However, much of this work is in its
infancy, and it remains to be seen which of the concepts proposed in literature will
survive the journey from lab prototype to broader real-world systems.
1.1 Objectives & Approach
This thesis addresses some of the existing challenges highlighted in the previous
Section. Particularly, it:
1. investigates the design, dynamics, and control of SEAs as the core components
of next-generation robots, and;
2. investigates the use of adjustable parallel compliance and multi-articulation in
articulated robots for increased energy efficiency.
To achieve these objectives, we take a two-part approach. Part I considers the influ-
ence of design and control parameters on SEA dynamics, force control performance,
output impedance, and backdrivability/transparency. Particularly, the influence of
physical stiffness is investigated in-depth, as well as the application of disturbance
observer based approaches for robust torque control of SEAs. Part II considers the
augmentation of articulated robots, driven by SEAs, with the addition of adjustable
parallel compliance, including multiple branches and multi-articulation. Starting
with a single Degree-of-Freedom (DoF) proof-of-concept prototype leg, we gradu-
ally expand the concepts into multi-DoF, multi-articulation, advanced control meth-
ods, and a 3-DoF prototype leg which is used to effectively demonstrate the concepts
on a real-world system.
Both parts of this thesis fall into the broader theme of high-performance and energy-
efficient compliant robotic actuation. Therefore, the two parts are closely intercon-
nected: series-elastic actuators are a core component of the concepts proposed in the
second part. This is depicted graphically in Fig. 1.1, which gives an overview of the
two parts and their constituent Chapters.
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FIGURE 1.1: The Chapters of this thesis in the context of the overar-
ching theme of high-performance compliant robotic actuation.
1.2 Contributions
This thesis presents a number of contributions, which we believe significantly extend
the state-of-the-art in compliant robotic actuation. While they are elaborated on in
more detail in the first Chapter of both parts (Chapters 2 and 6) in the context of
existing literature, we briefly summarise them here.
Part I
• We consolidate several analyses on SEA dynamics and control, including the
effects of active/passive compliance, on the performance of actuation drives
1.2. Contributions 5
in terms of tracking zero and non-zero torques in the presence of load motion,
as well as active impedance rendering;
• Based on this analysis, we propose a novel method for optimal stiffness selec-
tion, relying upon the trade-off between torque tracking bandwidth and back-
drivability/transparency, thereby maximising the frequency up to which an
impedance can be rendered accurately. To validate the analyses, we present
simulations and experimental results;
• We analyse and compare two DOB based torque control configurations, demon-
strating the equivalence of the two approaches in terms of robustness against
disturbances and enforcing nominal dynamics of linear models. We present a
simulation study on models of the SEAs of the WALK-MAN humanoid [1], [2],
showing that both approaches significantly increase performance of the highly
nonlinear system, but no significant difference exists between the two;
Part II
• Building on the previous work by Tsagarakis et al. [3], [4], we contribute on
the modelling, tuning and control of a 1-DoF prototype leg with series and
parallel elastic actuation for energy efficient operation, in a concept referred to
as Asymmetric Compliant Actuation (ACA). Specifically, we propose a novel
distributed control strategy which actively utilises both actuation branches and
achieves significant energy efficiency improvements in both simulation and
experimental validation;
• We extend and generalise the design and control concepts of ACA to multi-
DoF systems and multi-articulated actuation topologies. A novel method is
proposed for optimizing the parameters of these multi-DoF asymmetric com-
pliant actuation configurations to improve their energy efficiency. A simula-
tion study reports significant energy efficiency benefits in articulated robotic
systems;
• On the basis of the aforementioned contributions, we introduce the novel de-
sign of a 3-DoF prototype leg with series and parallel compliant actuation, both
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with monoarticulated and biarticulated parallel actuation topologies, which
are rapidly interchangeable;
• Through an experimental comparison study on energetic performance using
the 3-DoF prototype hardware, we provide initial indications on how the three
actuation configurations affect the energetic economy of the leg. We present
experimental results that illustrate the potential of the monoarticular and biar-
ticular principles compared to state-of-the-art SEA actuation;
• We propose an elegant modular formulation that describes the energy exchange
between actuation’s compliant elements and articulated multi-body robot dy-
namics using power flows and a single matrix that describes the entire actu-
ation topology. Using this formulation, we derive a novel gradient descent
based control law for compliant actuation structures with adjustable preten-
sion, with proven convexity for arbitrary actuation topologies. A simulation
study on a model of the aforementioned 3-DoF leg prototype demonstrates the
effectiveness of this control approach on multi-articulated compliant actuation
topologies on articulated robots.
These contributions have been presented in a number of conference and journal pub-
lications, which are listed on page 149 of this thesis.
1.3 Attribution
As with all scientific works, the work presented in this thesis builds upon the work
of others. An overview of the state-of-the-art in literature for both parts of this thesis
is presented in Chapters 2 and 6. However, it is important to clarify where previous
work ends and the work of this thesis began; the 1-DoF prototype leg hardware,
considered in Chapter 7, was developed as part of previous work by Tsagarakis et
al. [3], [4]. This work has been the foundation of the advancements presented in Part
II of this thesis.
Furthermore, some of the work presented in this thesis has been the result of active
collaboration with others, and their efforts should not go unnoticed:
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• The modelling and identification of WALK-MAN joints (Sec. 3.1), as well as
the development of the Compliant Joint Toolbox (CJT) for MATLAB/Simulink
(Sec. 3.3), were part of a collaboration with Dr. Jörn Malzahn;
• The development of the actuation concepts, conceptual design, and design op-
timisation of the 3-DoF prototype leg (Chapter 9) were part of the work done
for this thesis. However the Computer–Aided Design (CAD) and physical
hardware realisation would not have been possible without the collaboration
with Zeyu Ren.
1.4 Thesis Outline
This thesis consists of the following two Parts and their constituent Chapters.
Part I: Dynamics and Control of Series-Elastic Actuation
• Chapter 2 provides an overview of the state-of-the-art in Series-Elastic Actua-
tion and elaborates on the contributions provided by Part I in detail;
• Chapter 3 formulates the prerequisites for Chapters 4 and 5, by introducing
dynamics models and control of SEAs, and introducing the Compliant Joint
Toolbox (CJT) for MATLAB/Simulink;
• Chapter 4 considers stiffness selection of SEAs in the context of torque control,
backdrivability/transparency, and impedance rendering;
• Chapter 5 focuses on robust torque control of SEAs using disturbance ob-
servers;
Part II: Parallel Compliance in Articulated Robots
• Chapter 6 discusses the state-of-the-art in literature on parallel compliance in
articulated robots, and describes the contributions of Part II;
• Chapter 7 presents the development of the distributed control strategy for the
1-DoF prototype leg;
• Chapter 8 generalises and extends the concepts to multi-DoF and multi-articulation;
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• Chapter 9 introduces the design of the novel 3-DoF prototype leg with series
and parallel compliant actuation;
• Chapter 10 elaborates on the modular modelling approach of compliant actua-
tion through energy exchange and presents the gradient descent based control
law.
Chapter 11 concludes the thesis with a discussion of the results and suggestions on
how future work may further develop the ideas presented in this work, followed by
a list of conference and journal publications which are part of the dissemination of
the contributions presented in this thesis.
A few final notes on form. First, with exception of the literature review Chapters 2
and 6 and the conclusions Chapter 11, each Chapter starts with a brief summary of
its contents, followed by an outline of its constituent Sections. Secondly, Chapters
end with a discussion of their results. Lastly, note that the mathematical notation for
each Chapter in this thesis is self-contained, unless stated otherwise.
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Background, Related Work, and
Contributions
Out of the compliant actuation concepts proposed in literature, compliance in se-
ries with the actuation drive, known as SEA and pioneered by Pratt in the 90’s [5],
has been the most widely adopted. SEAs have evolved to become the core compo-
nent of many articulated robots [1], [5]–[14]. Pratt et al. demonstrated the beneficial
properties of compliant actuation, including energy storage, interaction safety and
improved force control. A mechanical torsion spring was placed in series with a stiff
actuator, resulting in series-elastic actuation with constant intrinsic compliance. In
that work, the authors suggested that investigations into designs with variable stiff-
ness and those with parallel actuation branches could further improve performance.
The latter suggestion is part of the focus of Part II of this thesis.
Other authors have since demonstrated that the SEA concept is able to significantly
improve energy efficiency [15]–[18], peak output power [19], interaction safety [6],
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[20], torque control performance and stability [21]–[23], and physical robustness [1].
In terms of energy efficiency benefits gained by adding series compliance, it has been
shown that by tuning the joint compliance to the natural frequency of a system, the
energy consumption can be significantly reduced while executing harmonic motions
[18], [24]. However, for non-periodic tasks or multi-DoF systems in which the nat-
ural dynamics with respect to the joint are continuously changing, this approach is
generally not feasible.
The addition of compliant behaviour into actuation indeed comes with increased
complexity of dynamics and control, in some cases resulting from oscillations due
to reduced bandwidth. In [25] the addition of variable physical damping to compli-
ant actuators was studied to provide damping on demand, providing higher joint
control performance. The authors showed the ability to change the damping ratio as
desired on a single joint.
2.1 Variable Stiffness Actuators
Actuators with adjustable series compliance, commonly known as Variable Stiffness
Actuation (VSA), have also been proposed in literature [17]–[20], [24], [26]–[29]. In
[26] a lever arm connected to a linear spring was used to provide compliant coupling
between two links. By setting the lever arm position and spring pretension indepen-
dently, the equilibrium position and stiffness could be regulated independently. The
design was improved in [18] by using a profiled cam instead of a lever arm, allow-
ing to shape the deflection–torque profile. A design that uses two superimposed
profiled cam mechanisms was proposed in [27]. The cams have a profile that com-
bined with rollers extends an internal spring upon deflection. By moving one of the
cams, the spring can be pretensioned to increase joint stiffness. The design described
in [30] obtained a nonlinear stiffness characteristic by using nonlinear transmissions
between the internal degrees of freedom and the output link, coupled by elastic ele-
ments. The authors also showed the intrinsic safety obtained with variable stiffness
actuation by impact experiments. The design proposed in [28] varied the stiffness by
changing the transmission ratio between the elastic elements and the output, instead
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of pretensioning the elastic elements. This allowed to change the apparent output
stiffness without changing the energy stored in the elastic elements. A similar de-
sign was proposed in [29] and it was shown that human-like ankle stiffness profiles
from walking gait can be obtained.
While variable stiffness actuators show clear potential benefits, as evidenced by the
results obtained in the above works, these have not been commonly demonstrated
in real-world scenarios. The added design complexity combined with the poorly un-
derstood relation between stiffness level and performance results in many practical
systems being designed with fixed series compliance actuators. This latter question
of stiffness level has been considered in some works, as will be elaborated on in the
next Section.
2.2 Stiffness Selection for SEAs
While the concept of Series Elastic Actuators was first introduced in the work of Pratt
et al., torque controlled actuators have a longer history in literature. In a sense, any
actuator can be considered compliant due to the finite rigidity of its structural com-
ponents; indeed, by measuring the deformations of its internal components, even a
“stiff” actuator can be seen as a compliant actuator that can be force controlled [7],
[22], [31]. Therefore, the point at which a “stiff” actuator becomes a compliant actu-
ator is not clear, and what level of compliance is suitable and beneficial for a given
application is still an open research question. In recent literature the characterization
of an actuator as compliant and its distinction from a stiff drive is mostly based on
the intentional addition of compliance within the transmission system of the actua-
tor. SEAs have have seen significant adoption in recent years, and throughout these
works, very different stiffness values have been adopted, ranging roughly from 100
to 50,000 Nm/rad.
Some works that consider stiffness selection for SEAs exist. In [21] a dimension-
less analysis was presented that investigates the influence of system parameters on
torque control performance and output impedance. [32], [33] demonstrated how
the presence of compliance enables stable force control in uncertain environments.
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The influence of load motion on the torque tracking performance was investigated
in [34]. In terms of impedance rendering, [22], [23] suggested that if passive opera-
tion is desired the selected mechanical stiffness should be higher than the rendered
stiffness. However, while all these works provide guidelines in the form of upper
or lower bounds of the mechanical stiffness, none of them provide optimalities with
regards to for example energy efficiency or impedance rendering.
Important applications of force controlled actuators include interaction with humans
and/or the environment, such as in rehabilitation [23] or assistive [11] devices, hu-
manoids and field robots [1], [13], [14], [35], [36] meant to operate in partially known
and unstructured workspaces, where unexpected collisions are common. Therefore,
output impedance over the entire frequency range, not only the controllable torque
bandwidth, is an important aspect of these actuators.
Conventional performance metrics for stiff actuators, such as closed-loop tracking
bandwidth, do not seem as useful for compliant actuators. For example, the torque
tracking bandwidth, commonly defined in fixed-output configuration, conveys only
limited information about the output impedance or interaction performance of an
actuator. Interaction performance can be defined as the actuator’s ability to track
desired torques in the presence of output motion. If the desired torque is zero, the
output impedance consists of torques arising from backdriving the actuator. For
these cases, we refer to the backdriving output impedance as the transparency of the
actuator in this work.
Chapter 4 investigates the influence of the selected stiffness level and control pa-
rameters in a compliant actuation unit. The main contribution is a novel method
for optimal stiffness selection, relying upon the trade-off between torque tracking
bandwidth and transparency, thereby maximising the frequency up to which an
impedance can be rendered accurately. To this end, it consolidates several analyses
on SEA dynamics and control including the effects of active/passive compliance on
the performance of actuation drives in terms of tracking zero and non-zero torques
in the presence of load motion, as well as active impedance rendering. To validate
the analyses, we present simulations and experimental results.
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2.3 Disturbance Observers
One aspect that makes compliant actuators particularly interesting is their suitabil-
ity for force/torque control. By regulating the deflection of the compliant element,
the output torque of the actuator can be controlled with high fidelity. Many ap-
proaches to torque control for SEAs have been proposed, ranging from classical
cascaded schemes [7], [8], [37] and optimal control approaches [9], to DOB based
approaches [10]–[13], [38]–[41]. DOB-based approaches have gained in popularity
recently due to the following two properties:
• rejection of unmodelled, unmeasured (external) disturbances to the system;
• ability to enforce nominal plant model dynamics onto the DOB augmented
plant.
Frequently, the unmodelled plant dynamics are the nonlinear and possibly time vari-
ant actuator friction effects. These are sometimes rejected through friction compen-
sation techniques; however, they are generally difficult to identify. Their rejection by
means of a DOB greatly simplifies the controller design. Additionally, [13] showed
that changes in dynamics to due variable output loads can be rejected. This is an
important feature for multi-DoF articulated systems. Previous works [13], [39], [40]
made efforts to analyse the robustness properties of DOB-based approaches, and
[41] developed a technique to account for time delays in the plant.
In existing literature, the DOB has been applied to the torque control problem of
SEAs in two configurations, which we refer to as Open-loop DOB and Closed-loop
DOB:
• Open-loop DOB: applying the DOB to the plant only, enforcing a nominal
plant model, the result of which is then controlled by an outer control loop
[10], [38]–[41].
• Closed-loop DOB: including the controller dynamics into the nominal model
and applying the DOB to plant+controller, thus enforcing closed-loop behaviour
[11]–[13].
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Chapter 5 compares these approaches for applying disturbance observers to the
torque control problem of series elastic actuators. The contribution of the Chapter is
threefold:
1. we analyse and compare both these DOB-based torque control configurations
on models of the large-size SEAs of the WALK-MAN humanoid [1], [2];
2. we demonstrate the equivalence of the two approaches in terms of robustness
against disturbances and enforcing nominal dynamics of linear models;
3. we present a simulation study showing that both approaches significantly in-
crease performance of the highly nonlinear system, but no significant differ-
ence exists between the two.
Chapter 3 presents prerequisites for the work presented in Chapters 4 and 5. It in-
troduces the linear and nonlinear dynamics models of SEAs used throughout these
works, derives its torque dynamics and presents the control pole placement proce-
dure. Furthermore, it provides an overview of the Compliant Joint Toolbox (CJT),
an open-source MATLAB/Simulink based toolbox for rapid development of models
and controllers for SEAs, which was developed as part of this work.
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Modelling, Analysis & Control
This Chapter presents the prerequisites for the work presented in Chapters 4 and
5, and is structured as follows. Sec. 3.1 introduces the linear and nonlinear dy-
namics models of SEAs used throughout these works, and relevant simplifications.
Sec. 3.2 derives its torque dynamics and presents the control pole placement pro-
cedure. Lastly, 3.3 provides an overview of the Compliant Joint Toolbox (CJT), an
open-source MATLAB/Simulink based toolbox for rapid development of models
and controllers for SEAs, which was developed as part of this work.
3.1 Modelling
3.1.1 Linear Dynamics
Fig. 3.1 shows the linear dynamics model of a general SEA. The model consists of
motor rotor and gearbox inertiae Im, Ig, coupled through a spring-damper element
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with stiffness kg and internal damping dmg, modelling the finite rigidity of the Har-
monic Drive gearbox. The gearbox inertia and load inertia Il are coupled through
the flexible transmission element, modelled as a spring-damper element with stiff-
ness and internal damping kb and dgl. The inertiae experience viscous friction with
the environment through bearings, with respective parameters dm, dg, dl. We denote
their positions as qm, qg, ql respectively, and define the torques acting on the motor
rotor due to winding current and on the load through environmental interaction as
τm and τe respectively.
IlIm Ig
FIGURE 3.1: Linear Dynamics Model.
The equations of motion for the joint model of Fig. 3.1 are derived from the torque
balance of each individual inertia:
Im q̈m = τm −dm q̇m +dmg (q̇g − q̇m) +kg (qg − qm)
Ig q̈g = −dg q̇g −dmg (q̇g − q̇m) −kg (qg − qm)
+dgl (q̇l − q̇g) +kb (ql − qg)
Il q̈l = τe −dl q̇l −dgl (q̇l − q̇g) −kb (ql − qg) , (3.1)
where τm = kτ n im is the torque generated by the winding current im, kτ denotes the
torque constant in Nm/A, and n denotes the gearbox transmission ratio. The motor
rotor inertia and damping values are reflected across the gearbox by n2 accordingly.
We explicitly define the deflection variable ∆ = qg − ql, and the torque transmitted
to the load τ = kb ∆ + dgl ∆̇. In estimating the torque for control, the damping com-
ponent dgl is usually ignored, i.e. τ ≈ kb ∆, due to the very low damping properties
of metal elastic elements usually employed.
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The linear model formulation results in a 6th order model. In the following Section,
we simplify the dynamics equations, which will prove useful later in analysis and
controller design.
3.1.2 Model Simplifications
In analysis of torque control performance of SEAs, it is often assumed that the domi-
nant behaviour of the link is at significantly lower frequencies than that of the motor.
Thus it is often considered fixed to simplify the analysis, reducing the model to 4th
order. The practical applicability of controllers designed and performance obtained
in locked-output scenarios is often debated, and indeed, it has been shown that per-
formance and even stability can significantly deteriorate in practice when the output
is unlocked. We shall investigate this more in Chapter 4.
A second common assumption is that the Harmonic Drive can be considered sig-
nificantly stiffer than the flexible transmission element. Therefore, a significant sim-
plification can be obtained by considering the Harmonic Drive to be rigid, again
resulting in a 4nd order model. Combining the two assumptions results in a 2nd








FIGURE 3.2: WALK-MAN Series-Elastic Actuator.
To assess the viability of the rigid gearbox assumption, we compare an experimen-
tal open-loop frequency sweep of a large-size WALK-MAN actuator (Fig. 3.2) in
locked-output configuration with 2nd and 4th order fits. Fig. 3.3 shows that both fits
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accurately capture the torsion bar resonance peak around 12 Hz. The fits start to dif-
fer significantly around 70 Hz, which corresponds to the expected (highly damped)
resonance of the gearbox. Given the considered actuator input current limitation
of 40 A, we consider this frequency to be above the control bandwidth of the ac-
tuator. However, even at frequencies lower than the gearbox resonance frequency,
the phase lag associated with gearbox flexibility can result in closed-loop instability.




























FIGURE 3.3: Open-loop sweep and 2nd and 4th order fits of a large-
size WALK-MAN SEA.
Next we proceed to derive the simplified models of the full model (3.1), resulting
from the aforementioned simplifications.
Locked-output
Starting with locked-output, setting ql ≡ q̇l ≡ q̈l ≡ 0, (3.1) reduces to the 4th order
dynamics
Imq̈m = τm −dmq̇m +dmg (q̇g − q̇m) +kg (qg − qm)
Ig q̈g = −dg q̇g −dglq̇g −kbqg
−dmg (q̇g − q̇m) −kg (qg − qm) , (3.2)
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Rigid-gearbox
For the rigid-gearbox assumption we set qm ≡ qg, q̇m ≡ q̇g, and q̈m ≡ q̈g, by which
(3.1) reduces to the 4th order dynamics
(Im + Ig) q̈g = τm +kb (ql − qg) +dgl (q̇l − q̇g)
− (dm + dg) q̇g, (3.3)
Il q̈l = τe −kb (ql − qg) −dgl (q̇l − q̇g)
−dl q̇l. (3.4)
Locked-output, rigid-gearbox
Lastly we derive the 2nd order model following from combining the locked-output
and rigid-gearbox simplifications. Setting ql ≡ q̇l ≡ q̈l ≡ 0 for the fixed output, as
well as qm ≡ qg, q̇m ≡ q̇g for the rigid gearbox, (3.1) reduces to
(Im + Ig) q̈g = τm + (dm + dg + dgl) q̇g + kb qg (3.5)
3.1.3 Nonlinear Dynamics
Several nonlinear components were implemented to enhance the realism of the sim-
ulations and to show phenomena that do not exist in linear analysis. In the next two
Sections, we describe the inclusion of asymmetric (Coulomb) friction and torque
ripple dynamics, two components that have a noticeable impact on real-world be-
haviour of SEAs.
In practice, other sources of static and dynamic friction may exist, as well as play,
hysteresis, and other nonlinearities. Furthermore, these effects may vary as a func-
tion of position and temperature. Examples are temperature dependence of friction,
alignment of bearings and other components, nonlinear stiffness of compliant com-
ponents, and lubrication. We shall neglect these effects in our modelling, as they
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are not the dominant dynamics of an SEA and any practically feasible control algo-
rithm should provide robust stability and performance without explicit knowledge
of these phenomena.
Asymmetric (Coulomb) Friction
For mechanisms with sliding surfaces Coulomb friction is an important nonlinear
damping component which becomes dominant at low velocities. The bearing damp-
ing elements dm, dg, dl in Fig. 3.1 are complemented with asymmetric viscous and
Coulomb friction. We allow the Coulomb friction to be asymmetric, i.e. changing in
magnitude depending on sign of the velocity. To ensure the resulting functions are




c tanh(γ q̇) q̇ ≥ 0
−d−c tanh(γ q̇) q̇ < 0
, (3.6)
where γ = 500, q̇ denotes the velocity of the element in question, and d+c , d−c denote
the positive and negative Coulomb friction magnitudes, respectively.
The friction parameters were identified from experiments on a large-size WALK-
MAN actuator with amplitude modulated pseudo-random binary signals covering
the entire position, velocity and acceleration range of the actuator. An example of
one such identification is shown in Fig. 3.4. Due to the involvement of non-zero
acceleration in these experiments, we include estimation of the inertia.















Inertial + Viscous & asym. Coulomb (86.25% fit)
Measurement
Model
FIGURE 3.4: Experimental identification of inertia and friction param-
eters for a large-size WALK-MAN actuator.
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Torque Ripple
There are two primary torque ripple sources present in the system that we take
into account. The first is magnetic cogging (or ’detent torque’), originating from
the position-dependent interaction between the Direct Current (DC) motor’s per-
manent magnets and the stator slots, and acting as a sinusoidal torque on the motor
rotor (amplitude of 15n mNm with a spatial frequency of 6n periods/rev). The
second is the Harmonic Drive torque ripple, which is both position- and torque-
dependent, scaling linearly with the torque transmitted through the gearbox (ampli-
tude of 10−4 n Nm/Nm with a frequency of 2n periods/rev). The magnitudes for
both sources are approximated from manufacturer data and measurements.
3.2 Linear Analysis & Torque Control
In this Section we analyse the torque dynamics and derive an intuitive control tuning
rule for torque control of SEAs.
3.2.1 Torque Dynamics
To obtain the torque dynamics, we take the Laplace transform of (3.3) and rewrite in
terms of deflection qg(s)− ql(s) := ∆(s):
[





Is2 + dM s
]
ql(s) + τm(s), (3.7)
where now I = Im+Ig and dM = dm+dg. The most common torque control scheme
consists of a feedback controller of the form C(s) = Kp + Kd s (which measures
deflection and uses τ(s) ≈ kb ∆(s)) with feed-forward term λ(s):
τm(s) = C(s) [τ
∗(s)− kb ∆(s)] + λ(s) τ∗(s), (3.8)
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where τ∗(s) denotes the desired torque in the Laplace domain. Substituting into
(3.7), we obtain
[





Is2 + dM s
]
ql(s) + [C(s) + λ(s)] τ
∗(s), (3.9)
Considering that τ(s) = (kb + dgl s) ∆(s), (3.9) can be solved for τ(s) as the sum of
input responses from τ∗(s) and ql(s):
τ(s) = (kb + dgl s) [∆τ∗(s) τ






Kd s+Kp + λ(s)








Is2 + dM s
)
I s2 +D∆ s+K∆
, (3.11)
and
D∆ = kbKd + dM + dgl,
K∆ = kb (Kp + 1). (3.12)
To convince oneself the dichotomy described by (3.10) is valid, consider that by set-
ting ql(s) ≡ 0, the torque dynamics simplify to those of the fixed-output, rigid-
gearbox system of (3.5) in the Laplace domain. Conversely, choosing ql(s) as the
load admittance described by (3.4), one obtains the complete rigid-gearbox model
described by (3.3) and (3.4), with inputs τ∗(s) and τe(s). This is depicted graphically
in Fig. 3.5.
3.2. Linear Analysis & Torque Control 25
FIGURE 3.5: Torque Dynamics of an SEA driving a load admittance.
The load admittances Y (s) and Ye(s) (for the environmental interaction force) are
derived by rewriting (3.4):
Il q̈l = τe − kb (ql − qg)− dgl (q̇l − q̇g)− dl q̇l
= τe + τ − dl q̇l
Il q̈l + dl q̇l = τe + τ (3.13)




2 + dl s
)−1
(τ(s) + τe(s))
=⇒ Y (s) = Ye(s) =
(
Il s
2 + dl s
)−1 (3.14)
Given that Y (s) = Ye(s), τ(s) and τe(s) may simply be summed to obtain Fig. 3.5.
Furthermore, note that in the dotted boundary between actuator and environment
in Fig. 3.5 defines the exchange of mechanical power P between the actuator and its
environment, which can be defined as P = q̇l τ .
However, instead of choosing a predefined admittance, (3.10) is more general, and
useful for obtaining the robust torque control performance in the presence of arbi-
trary output motion from an unknown environment, as well as assessing actuator
transparency as seen from the environment. In Chapter 4 we shall further investi-
gate this dichotomy, in the form of the two boundary cases of (3.10). First, we discuss
the procedure for pole placement that governs both.
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3.2.2 Torque Control: Pole Placement Procedure
Inspecting (3.9)–(3.11), we observe that ∆τ∗(s) and ∆ql(s) have equal denominators.
Consequently, an appropriate choice ofC(s) allows us to arbitrarily place the closed-
loop poles for both, by selection of Kp,Kd. Using the characteristic polynomial of a
general 2nd order system:
s2 + 2 ζ ω0 s+ ω
2
0 = 0, (3.15)
where ω0 is the characteristic frequency and ζ is the damping ratio, allows us to place
the poles of the closed-loop system in desired locations. Writing the denominators
of (3.11) in the form of (3.15) and solving for Kd, we obtain the controller derivative
gain as a function of the closed-loop damping ratio ζ and proportional gain Kp:
Kd =








kb (Kp + 1) / I. (3.17)
Using (3.16) and choosing ζ = 1, the gain selection is simplified to selection of only
the proportional gain Kp, which is now equivalent to selection of the pole frequency









where the natural frequency ωn =
√
kb/I is given by the zeroes of the denominators
in (3.11)1. Choosing the closed-loop poles, that define the control bandwidth, as a
constant times the system’s natural frequency:
ω0 = αωn, (3.19)
1Note that if one "closes the loop" using the load admittance as in Fig. 3.5, the effective natural




. Although this converges to
√
kb/I for Il  I , one can easily
see that for small load inertia the performance may quickly deteriorate due to torque arising from
significant load motion ql(s) in (3.10). The factors that influence this will be investigated in Chapter 4.
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results in a simple tuning rule with α as the only parameter, which is independent of
stiffness: Kp = α2 − 1. Note that a positive control gain Kp > 0 requires the closed-
loop pole frequency to be at least as high as the natural plant frequency: ω0 > ωn. Or
equivalently, α > 1.0. Similarly, we constrain Kd ≥ 0, as small values of the stiffness
kb may result in plants that are naturally overdamped. Lastly, from the two-input
system described by (3.10)–(3.12), one can observe that the feed-forward gain λ(s)
affects ∆τ∗(s), while ∆ql(s) is independent of λ(s). Hence, we proceed the analysis
with λ(s) ≡ 1, resulting in zero steady-state error for ∆τ∗(s).
3.3 Compliant Joint Toolbox (CJT)
As part of the work presented in this thesis, the Compliant Joint Toolbox (CJT) [42]
was developed, a MATLAB/Simulink toolbox for SEAs. The goal is to provide rapid
iteration of different models and architectures by providing a number of pre-built
components with consistent interfaces, together with a set of tools to build new
ones. For example, it allows to rapidly generate joint models, prototype controllers
and observers, perform simulation, and apply the developed control systems di-
rectly to the real hardware using Simulink Real-Time. This Section provides a brief
overview of the toolbox and its capabilities. The toolbox is available on GitHub at
https://github.com/geez0x1/CompliantJointToolbox.
A global overview of the toolbox is shown in Fig. 3.6. It mainly consists of a number
of classes, together with helper functions. Using the jointBuilder class, custom
joint classes can be constructed. The joint builder utilises the well-known factory
design pattern. This means it builds (almost) self-contained joint classes with the
requested parameters, models, and nonlinear components (shown in Fig. 3.6 as the
jointModel class). Ingredients to create new joint classes from the user perspec-
tive are actuator parameters, selected linear dynamics model (Sec. 3.1.1), and the
nonlinear components the user wishes to include (Sec. 3.1.3).
The library provides a number of pre-built controllers and observers, as well as
building blocks to create new components, which can be used in simulation to de-
sign the control system. After simulation, these can then be applied without changes




























FIGURE 3.6: Overview of the Compliant Joint Toolbox
for MATLAB/Simulink. Figure courtesy of Dr. Jörn Malzahn.
to the physical hardware, using Simulink Real-Time. Furthermore, one can generate
PDF datasheets for joints using the datasheetGenerator class.
The basic Simulink joint models themselves are shown in Fig. 3.7. Linear actuator
dynamics are formulated as state-space models, with state-space matricesA,B,C,D.
Nonlinear dynamics components are contained in g. Gaussian input and output
noise are denoted by ηi and ηo, respectively, and input/output delay can be added
as desired. Measurements are quantised, denoted by εo in Fig. 3.7.
+ +
FIGURE 3.7: Compliant Joint Toolbox jointModel structure.
The measurement principles and controllers are implemented similar to their hard-
ware counterparts (which run on Digital Signal Processors (DSPs));
• Discrete-time with 2 kHz sample rate;
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• One timestep of input and output delay;
• Derivative filtering (200 Hz);
• Gaussian current and sensor noise with variances 14 mA and 1.8e-10 rad, re-
spectively;
• Encoder quantisation (19 bits);




Stiffness Selection of SEAs
Series-elastic actuators are quickly becoming the core component of robots operat-
ing in real world environments, allowing for robust, safe, torque controlled robots.
This Chapter investigates the influence of the selected stiffness and control parame-
ters. By consolidating several analyses, it is shown two opposing criteria exist for the
choice of stiffness: lowering stiffness increases actuator transparency, while increas-
ing stiffness increases torque tracking bandwidth. This fact is used in the context
of impedance rendering to propose an optimal stiffness selection criterion that max-
imises the renderable impedance frequency. This provides a concrete method for
choosing stiffness based on the application of the joint. Extensive simulation and
experimental results are presented that validate the analyses.
This Chapter is organised as follows. Sec. 4.1 analyses the dichotomy of SEA dynam-
ics presented in Chapter 3. A stiffness selection guideline for impedance rendering
is proposed in Sec. 4.2, followed by simulations and experimental results in Sec. 4.3
32 Chapter 4. Stiffness Selection of SEAs
and 4.4. Concluding remarks are reported in Sec. 4.5.
4.1 Transparency and Torque Tracking
In this Section we further investigate the SEA dynamics presented in Chapter 3, in
the form of the two boundary cases of (3.10):
1. τ∗(s) ≡ 0 (the actuator should be transparent, or its output impedance ideally
zero);
2. ql(s) ≡ 0 (the load is fixed or sufficiently large).
A similar analysis was performed in [21], however we report some additional in-
sights with regards to the transfer functions zeroes.
4.1.1 Transparency: Load Motion to Residual Torque
The transparency of an actuator in this context is defined as the ability to track zero
torque in the presence of output motion (i.e. backdriving the actuator); transparency
is the inverse of the residual torques given an imposed output motion.




− (kb + dgl s)
(
Is2 + dM s
)
I s2 +D∆ s+K∆
. (4.1)
We hereafter refer to (4.1) as the transparency function of the actuator. Using s = jω
with j =
√
−1, we find the high frequency gain of (4.1) is given by −(kb + dgl s),
i.e. the passive impedance of the flexible element. Hence, the high frequency trans-
parency is upper bounded by the flexible element stiffness, since it is reasonable to
assume dgl to be a function of kb due to the mechanical implementation. However,
since for ω → 0 we have (4.1)→ 0 (applying the final value theorem), we find that
in principle the actuator can be made arbitrarily transparent at a given frequency by
placing the poles at an arbitrarily high frequency.
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The transparency function shows that the transparency of the actuator is determined
by 1) the frequency ω0 of the closed-loop poles and 2) the stiffness kb. Fig. 4.1 shows







FIGURE 4.1: Varying kb and ω0 in (4.1): Residual torque from load
motion for various stiffness values and closed-loop poles. Here we
have chosen α =1.2 and 1.8 for each stiffness value.
At low frequency the transparency depends only on α (i.e. control gain), whereas
at high frequency it depends only on kb, with a transition period in between. At
high frequencies each actuator converges to a gain of kb, with lower stiffness actua-
tors showing lower residual torques, i.e. higher transparency. Furthermore, Fig. 4.1
shows that increased control bandwidth improves the transparency; however, such
an increase for stiffer actuators only results in surpassing the transparency of lower
stiffness actuators up to a limited frequency, as the transparency of stiffer actuators
intrinsically deteriorates at higher frequencies due to the upper bound defined by
increased stiffness. High frequency transparency is however important in impacts
due to their impulsive nature; high stiffness SEAs may provide insufficient protec-
tion against impacts, despite high control bandwidth.
Consider two actuators with different stiffness values kb,1 and kb,2, with the closed-
loop pole frequency of the first actuator given by ω1. By calculating the intersection
between the extrapolation of the +40 dB/dec slope of the first actuator and the stiff-
ness of the second actuator in dB, the pole frequency ω2 required for the second
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which, by substituting ω1 = α1
√
kb,1
I and ω2 = α2
√
kb,2
I , gives α1 = α2, confirming
the equal low frequency transparency for constant values of α in Fig. 4.1. In other
words, choosing α enables us to choose the low frequency transparency indepen-
dently of stiffness.
Inspecting the numerator of (4.1), the first zero (other than s = 0) is located at
s = −dM/I , which corresponds to the intuition that lowering the motor-side damp-
ing increases the transparency. Apart from clever mechanical design to minimise
friction, active solutions have been proposed, such as friction compensators, and
more recently, disturbance observers [11], [13]. The presence of s in each term re-
veals the velocity dependence, and in fact feeding back the link velocity signal can
effectively remove the zero at s = −dM/I in velocity sourced actuators [34]. Here-
after the zero at s = −kb/dgl will be disregarded, since due to kb  dgl it falls outside
the frequency range of interest.
4.1.2 Torque Tracking




(kb + dgl s) (Kd s+Kp + 1)
I s2 +D∆ s+K∆
. (4.3)
We hereafter refer to (4.3) as the torque tracking function of the actuator. Eq. (4.3) has a
denominator identical to that of (4.1) which allows for pole placement as presented
in Sec. 3.2.2, however in (4.3) the control gains also affect the closed-loop zeroes.
Fig. 4.2 shows the effect of varying both kb and ω0 in (4.3). The low frequency zero
in (4.3) is given by
s = −Kp + 1
Kd
= − I ω
2
0
2 I ω0 ζ − (dM + dgl)
. (4.4)
For ω0 > 0, this zero quickly converges to ≈ ω0/(2 ζ); as the chosen pole frequency
increases, the distance between this zero and the poles increases, which may result
in a ripple in the torque response despite critical damping of the poles.


























kb = 100 (ω0 = 12)
kb = 100 (ω0 = 18.1)
kb = 1000 (ω0 = 38.1)
kb = 1000 (ω0 = 57.1)
kb = 10000 (ω0 = 120.4)
kb = 10000 (ω0 = 180.6)
FIGURE 4.2: Varying kb and ω0 in (4.3): Torque tracking. Here we
have chosen α = 1.2 and 1.8 for each stiffness value.
4.1.3 Motor Power
An oft-cited disadvantage of SEAs with lower stiffness is higher power consumption
due to the larger motor movements required to achieve the deflection needed for a
certain desired torque. To investigate this, we use (3.7) in the same boundary case as






Is2 + (dM + dgl) s+ kb
kb + dgl s
, (4.5)
which can be observed (Fig. 4.3) to increase with +40 dB/dec after the mechani-
cal resonance now present in the numerator. Due to input torque limitation aris-
ing from maximum allowable current, further exasperated by a reduction in torque
resulting from the back-EMF component and operating voltage, achievable motor
power is limited. Thus, the mechanical resonance frequency is an inherent source
of torque tracking bandwidth limitation, regardless of control strategy [21]. In the
other boundary case (transparency, Sec. 4.1.1), the deflection is ideally zero and the
required motor torque difference between actuators of different stiffness values dis-
appears, i.e. becomes independent of kb. This is shown by solving (3.7) for
τm(s)
ql(s)





= Is2 + dM s, (4.6)
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which depends only on I and dM . In conclusion, the motor torque for a lower stiff-
ness SEA is much higher while tracking torque profiles above the mechanical reso-
nance. However, this is not the case for lower frequencies or interaction with small

























] kb = 100 (ωn = 10)
kb = 1000 (ωn = 31.7)
kb = 10000 (ωn = 100.3)
FIGURE 4.3: Motor torque as function of delivered output torque.
4.2 Optimal Stiffness Selection for Impedance Rendering
4.2.1 Impedance Rendering and Motion Control
In many real-world applications the torque control loop is supplemented by an outer
loop to provide motion control and impedance rendering to the robotic system. The










where q0l , q̇
0
l denote the reference position of the link and its derivative, and K,D
denote stiffness in Nm/rad and damping in Nms/rad, respectively. Given a stable
torque control loop and Kd ≥ 0, both the zeroes and the poles of the inner loop will
be in the left-hand complex plane, and as such for K,D ≥ 0 the entire closed-loop
system will be asymptotically stable. However, it is well known that in practical sys-
tems with nonlinear effects like friction, discrete-time control, delays, filtering, noise
and quantisation, increasing the gains of the inner (torque) loop can have a detri-
mental effect on the stability of the overall system, despite the inner loops them-
selves being stable. This results in a limitation on the achievable closed-loop pole
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frequency (Sec. 3.2.2), and therefore stiffness selection requires careful considera-
tion. For an elaborate discussion and experimental results, see e.g. Focchi et al. [36].
To investigate impedance rendering, we set q0l ≡ q̇0l ≡ 0 in (4.7) and transform into
the Laplace domain:
τ∗(s) = − (K +Ds) ql(s). (4.8)




= (kb + dgl s) [− (K +Ds) ∆τ∗(s) + ∆ql(s)] ql(s)
= − (kb + dgl s)
a s2 + b s+ c
I s2 + d s+ e
, (4.9)
with
a = I +KdD, d = kbKd + dM + dgl,
b = D (Kp + 1) +KdK + dM , e = kb (Kp + 1),
c = K (Kp + 1), (4.10)
which is functionally equal to Fig. 4.4. Contrary to pure torque tracking where
the objective is tracking torque independent of the load motion, the objective here
is accurate rendering of desired output impedance Z(s) = τ(s)ql(s) ; perfect rendering
would imply Z(s) = −K −Ds.
FIGURE 4.4: Impedance rendering block diagram.
The structure of (4.9) suggests both the torque tracking bandwidth and transparency
function can limit the impedance rendering capability of an actuator. We demon-
strate this with an example of two actuators with stiffness values of 10000 and 100 Nm/rad
respectively, both rendering a reference impedance of K = 1000 Nm/rad and D =
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20 Nms/rad. The former case is shown in Fig. 4.5, which displays a plot of the ren-
dered impedance (4.9), a reference impedance K + Ds, the transparency function
(4.1), and the torque tracking function (4.3). Fig. 4.5 reveals that the actuator trans-































FIGURE 4.5: Impedance rendering for kb = 10000 Nm/rad, limited by
the transparency function. Here K = 1000 and D = 20.
Conversely, Fig. 4.6 shows the same reference impedance rendered by the lower
stiffness actuator. In this case, the substantially reduced torque tracking bandwidth
is the limiting factor to the impedance rendering bandwidth. In both figures, the
































FIGURE 4.6: Impedance rendering for kb = 100 Nm/rad, limited by
the torque tracking bandwidth. Here K = 1000 and D = 20.
Setting K,D = 0 in (4.9) immediately reveals similarity to (4.1). It can also be seen
that for small K,D, (4.9) tends to (4.1) at high frequencies, with an increase of gain
resulting from KdD in a of (4.9).
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4.2.2 Optimal Stiffness Selection
Following the presented analyses, we can suggest an optimal stiffness selection guide-
line for SEAs. Choice of rotor, its inertia, torque constant and gear ratio are largely
determined by the application torque and speed requirements, and since their choice
is the same as for stiff motors, we will not discuss them here. Sec. 4.1 showed that
two opposing criteria exist for the choice of stiffness: Lowering kb increases trans-
parency, and increasing kb increases torque tracking bandwidth. Using the context
of impedance rendering, we can frame these two criteria into a single metric that can
be optimised on, as will be demonstrated in the following.
For a robotic system under motion control, three operating parameters can be de-
fined:
1. the minimum/maximum load inertia Iminl , I
max
l that will be seen by the actu-
ator, and
2. the motion bandwidth requirement ωm of the robot.
These parameters define the range of impedance values that have to be replicated by
the actuator. Given a frictionless joint with load Il, the joint impedance that places
the poles at a frequency ωm is given by Zref (s) = K +Ds, with
K = ω2m Il, D = 2 Il ωm ζ, (4.11)
where we set ζ = 1. Both K and D are linear in Il, so that the required minimally
renderable impedance Zmin(s) of the actuator is given by (4.11) with Il = Iminl .
By defining a margin of acceptable accuracy ε, we can optimise for the maximum






∈ [−ε,+ε] ∀ ω ≤ ωb, (4.12)
where j =
√
−1. Given Iminl , Imaxl and ωm, for the motion requirements to be ful-
filled we require
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i.e. the impedance can be rendered accurately up to at least the motion bandwidth,
for the entire link inertia range.
The optimisation (4.12) and impedance replication requirement (4.13) provide a con-
crete method for choosing kb based on the application of the joint. Fig. 4.7 shows an
example of the application of (4.12) for a reference impedance of K = 1000 Nm/rad
and D = 20 Nms/rad, resulting in an optimal stiffness of kb = 752 Nm/rad and a ren-
dering bandwidth of ≈ 12 Hz. Here α= 1.2 and ε= 3 dB were chosen. One important
thing to note is that if passivity is desired (while rendering pure stiffness, i.e. D = 0),
the mechanical stiffness should be chosen higher than the rendered stiffness [22],
[23].
FIGURE 4.7: Impedance rendering optimisation for a reference
impedance of K = 1000 and D = 20. The dotted grey lines show the
ε = ±3 dB acceptable accuracy margin.
Note that the tradeoff between transparency and torque tracking bandwidth extends
beyond impedance rendering: most modern full-body and inverse-dynamics based
control methods assume actuators to be pure torque sources, unaffected by joint
motion, while this assumption does not hold.
4.3 Simulation Results
To validate the analyses presented in Sec. 4.1 and 4.2, this Section provides sim-
ulation results on the full model shown in Fig. 3.1, supplemented with nonlinear
components, outlined in the next Section. The actuators considered in the simu-
lations and experiments are WALK-MAN high-power actuators [1], [2], capable of
torques of 300+ Nm. Besides the stiffness values used before, we add two actuators
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with stiffness values of 2700 Nm/rad (B12) and 11400 Nm/rad (B14), which will also
be evaluated in experiment.
We first consider the actuators to be in locked-output configuration to investigate
their ability to track desired torques without the influence of a moving load. Then,
in Sec. 4.3.2 and 4.3.3, we use the same controllers and assess the transparent inter-
action and impedance rendering performance, respectively.
4.3.1 Torque Tracking in Locked-Output Configuration
Fig. 4.8 shows the closed-loop torque tracking response. As expected, the higher
stiffness actuators are able to achieve much higher bandwidth. The controller gains
were derived with α= 2.70, 1.90, 1.50, 1.12, 1.10 for the 100, 1000, 2700, 10000, 11400
Nm/rad actuators, respectively. Despite using α being a very useful way of choos-
ing gains, selecting a single value of α for very different stiffness values proved
impractical due to the involvement of nonlinear dynamics, finite gearbox stiffness,
and input saturation. The gains were chosen s.t. input saturation would not occur





























FIGURE 4.8: Simulation: Fixed-output torque tracking.
While the higher stiffness values 10000 and 11400 Nm/rad did not saturate the 40 A
input, they see a similar roll-off starting around 60 Hz due to the modelled finite
gearbox stiffness. It can be observed that a set of ripples appear at low frequen-
cies. While partly numerical artifacts, they are indeed the result of the nonlinearities
outlined in Sec. 3.1.3, and become dominant at lower frequencies and amplitudes.
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4.3.2 Transparency
We simulate the actuator’s transparency by frequency sweeping the output position.
As frequency increases, the amplitude is reduced to keep the velocity amplitude
constant, to avoid quickly reaching excessive velocities.
Fig. 4.9 displays the residual torques. As expected based on Sec. 4.1.1, the lower stiff-
ness actuators demonstrate much lower residual torques over the entire frequency
range, despite the much lower torque tracking bandwidth. The higher gains for the
lower stiffness actuators results in lower residual torques at low frequencies. Fur-
































FIGURE 4.9: Transparency (τ∗ ≡ 0): Simulated residual torques due
to output motion.
4.3.3 Impedance Rendering
We simulate the impedance rendering capability of all five stiffness levels, for a ref-
erence impedance of K = 1000 Nm/rad and D = 20 Nms/rad. The results shown in
Fig. 4.10 confirm the validity of the theoretical predictions in Sec. 4.2; see e.g. Fig. 4.7.
Additional roll-off can be seen at high frequencies, which was confirmed to be at-
tributed to the finite gearbox stiffness.































FIGURE 4.10: Simulation: Impedance rendering for a reference
impedance of K = 1000 and D = 20. The dotted grey lines show the
ε = ±3 dB acceptable accuracy margin.
4.4 Experimental Results
4.4.1 Experimental Setup
To investigate the influence of actuator stiffness in practice, the previously men-
tioned actuators B12 and B14 were used. The controllers received torque references
through a 1 kHz real-time EtherCAT connection. As in simulation, the torque con-
troller itself was running on DSPs at 2 kHz, and other controller properties were
equally unchanged. We include simulated results in the transparency and impedance
rendering experiments for comparison.
4.4.2 Torque Tracking in Locked-Output Configuration
The actuators were first tested in locked-output configuration, by fixing the output
flange to ground. A torque reference frequency sweep was performed, the results of
which are shown in Fig. 4.11. We found the bandwidth of both actuators to increase
slower than expected with increased α. However, we used α= 2.3 and 3.3 for both
actuators in further experiments: the higher gain results in improved low-frequency
accuracy (Sec. 4.1.1). Equal values of α for both actuators ensures a fair comparison.
The bandwidth for both actuators is lower than expected; while for B12 the natural
frequency appears to lie in roughly the expected location based on α, both actuators
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experience more roll-off than suggested by the simulations. We suspect this is due




















[B12] α = 2.3
[B12] α = 3.3
[B14] α = 2.3
[B14] α = 3.3
FIGURE 4.11: Experiment: Fixed-output torque tracking.
4.4.3 Transparency
To evaluate the actuator transparency, pendulum drop experiments were performed
with a 35 cm, 4.5 kg pendulum with an inertia of 0.35 kg m2, released from a horizon-
tal position. The results are shown in Fig. 4.12. As expected, transparency increases
with increased gains. However, it can be observed the more compliant B12 offers
more transparency than B14 at both gain levels, resulting in a more natural, less
damped pendulum swing. This is most likely due to larger friction in B14. Con-
versely, given that the friction parameters were identified on B12, its simulated and
experimental responses are in good agreement. The spike in torque for B12 at 0.45 s
is due to reaching the speed limit of ≈ 5 rad/s imposed by the back-EMF and the
operating voltage of 24 V.
4.4.4 Impedance Rendering
To investigate the impedance replication capability, we set the reference impedance
to a pure spring with K = 100 Nm/rad and D = 0 Nms/rad. The pendulum was
moved from a hanging position by 20◦ and released. As shown in Fig. 4.13, similar
to the pendulum drop findings, the lower stiffness actuator shows larger capability
of handling the load motion, resulting in a lesser damped response. While this can in









































[B12] α = 2.3
[B12] α = 3.3
[B14] α = 2.3
[B14] α = 3.3
[B12 SIM] α = 2.3
[B14 SIM] α = 2.3
FIGURE 4.12: Transparency (τ∗ ≡ 0) experiment: Dropping a 4.5 kg,
0.35 kg m2 pendulum from a horizontal position.
larger impedance values (not shown for brevity); at K = 1000 Nm/rad the resonance
frequency with the pendulum is 8.5 Hz, well below the torque control bandwidth
for both actuators. Therefore, the transparency function is a limiting factor in the
actuator performance.
4.5 Conclusions
This Chapter has presented an extensive analysis of the aspects that influence torque
control and impedance rendering performance of SEAs. Particularly, stiffness selec-
tion and control parameters were discussed in-depth.
Through analysis of the dichotomy of its dynamics, it was shown that generated
the torque is the sum of input responses from torque reference and load motion.
Several analyses were consolidated to study the effects of mechanical compliance
and control parameters on the performance of SEAs in terms of tracking zero and
non-zero torques in the presence of load motion, as well as active impedance ren-
dering. Two opposing criteria exist for the choice of stiffness: lowering stiffness








































[B12 SIM] α = 2.3
[B14 SIM] α = 2.3
FIGURE 4.13: Experimental impedance rendering for
K = 100 Nm/rad and D = 0 Nms/rad.
increases transparency, and increasing stiffness increases achievable torque tracking
bandwidth. This fact was used in the context of impedance rendering to propose
an optimal stiffness selection criterion, which maximises the frequency up to which
an impedance can be rendered accurately. This criterion allows to select the actuator
stiffness with respect to force and motion control performance requirements dictated
by the targeted robot and field of application. Real-world design is a compromise
between many criteria, such as impact resilience, volume, and force/motion control
performance.
Results from simulations and experiments were presented to validate the analy-
ses. Particularly, it was shown the stiffness has a significant effect on the render-
able impedance values and accurate rendering bandwidth. Experiments showed
higher transparency of the more compliant actuator even at very low frequencies,
which was unexpected, but may be explained by differences in friction. The analy-
ses and simulations correctly predicted the transparency and impedance rendering
dependence on gains. The results from both simulation and experiment confirm our
theoretical analyses. Comparing impedance rendering capability in practice proved
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difficult; using a secondary motor driving the actuator externally should provide
further insight and is left for future study. It is worth noting that while the actu-
ators considered in this Chapter are those with linear stiffness, the results suggest
that nonlinear (stiffening) profiles may combine the low stiffness optimal for trans-




Disturbance Observers for Robust
Torque Control
For series-elastic actuators to be an effective core component of high performance
robotic systems, they need to be able to provide robust and accurate torque control-
lability. The previous Chapter presented an extensive linear analysis of the influ-
ence of selected physical stiffness and control parameters on their torque properties.
Considering that the controlled plant will invariably deviate from the linear model
in practice, this Chapter focuses more on the control aspects. Particularly, it focuses
on the application of Disturbance Observers (DOBs) to achieve robust, high perfor-
mance torque control.
This Chapter compares two approaches for applying disturbance observers to the
torque control problem of SEAs. It is shown that they are in fact equivalent for
linear models in terms of their ability to reject disturbances and enforce nominal
model dynamics. The closed loop and error transfer functions for the DOB-based
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approaches are compared to a fully linear plant and a nonlinear plant without DOB.
Simulations demonstrate that the DOBs are able to increase the bandwidth of the
nonlinear plant significantly, up to that of the linear plant. Furthermore, the DOBs
significantly increase the tracking accuracy at low frequencies.
The Chapter is structured as follows. First general linear disturbance observers
are introduced in Sec. 5.1. Next, Sec. 5.2 formally introduces the two approaches
mentioned above, and presents a comparative linear analysis. To compare the ap-
proaches in terms of nonlinear behaviours we present a simulation study in Sec. 5.3.
Finally, Sec. 5.4 concludes the Chapter.
5.1 Disturbance Observers
In general, linear DOBs produce an estimate d̂ of a disturbance d using a linear func-
tion of the system input ud and output y:
d̂(s) = −D1(s)ud +D2(s) ŷ. (5.1)
where ŷ = y + ηo denotes the estimate of y, which is affected by measurement noise
ηo. The disturbance estimate can be used for observing plant-model deviations or
detecting external disturbances such as environmental interaction. Alternatively, it
can be added to the input signal for compensation of unmodelled dynamics, which
is what we will consider first. In Fig. 5.1, a plant P (s) := Pn(s) + ∆(s) with nom-
inal dynamics Pn(s) and disturbance dynamics ∆(s) is augmented with a DOB for
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FIGURE 5.1: Generic linear DOB structure.
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where Pn is the nominal DOB model and Q is a Butterworth low-pass filter with
relative degree greater or equal to that of Pn(s), such that D2 is proper.
Inspecting (5.4), we find that for low frequencies where Q(s) ≈ 1, Hdob(s) ≈ Pn(s),
meaning that the composition of plant and DOB together behave like the nominal
plant model. Note that due toQ(s) never being exactly unity, this is approximate; the
DOB can only attenuate errors. For high frequencies, Q(s) ≈ 0 and Hdob(s) ≈ P (s),
i.e. the augmented plant behaves like the open-loop plant. Furthermore, if ∆ ≡ 0,
i.e. the plant is equal to the nominal plant model (P = Pn), then d̂ = 0 and the DOB
does not change the plant behaviour. This is known as the transparency property of
the DOB.
5.2 Open-loop and closed-loop DOBs
In the previous Section, we have considered an open-loop or plant-only DOB, that is,
the DOB was closed around the open-loop plant to enforce its nominal model [10],
[38]–[41]. To control this system, a Proportional Derivative (PD) control loop with
feed-forward is closed as in Sec. 3.2.2, resulting in the block diagram shown in Fig.
5.2. The transfer function of the closed loop becomes:
Hr→ŷ(s) =
(λPn + PnC)P
(P − Pn)Q+ PnC P + Pn
. (5.5)
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As shown in the previous Section, for low frequencies where Q ≈ 1, the transfer
function of plant with DOBPd (Fig. 5.2) is approximately equal to the nominal model
Pn(s):
Pd(s) = Hdob(s) ≈ Pn(s) (5.6)





which is the controlled nominal plant as desired. Conversely, when Q ≈ 0, we find





FIGURE 5.2: Open-loop DOB.
Investigating further, we derive the transfer functions from input disturbance d and
output disturbance/noise ηo. For the input disturbance d, this results in:
Hd→ŷ(s) =
(1−Q)P Pn
(P − Pn)Q+ PnC P + Pn
(5.8)
which for Q ≈ 0 simplifies to Hd→ŷ(s) ≈ PC P+1 (no rejection of the input distur-
bance), and for Q ≈ 1 simplifies to Hd→ŷ(s) ≈ 0 (perfect rejection of the input dis-
turbance). Similarly, for the output disturbance ηo this results in
Hηo→ŷ(s) = 1−
(C Pn +Q)P
(P − Pn)Q+ PnC P + Pn
(5.9)
which for Q ≈ 0 simplifies to Hηo→ŷ(s) ≈ 1 − C PC P+1 , and for Q ≈ 1 simplifies to
Hηo→ŷ(s) ≈ 0.
Note that as ŷ = y + ηo, the propogation of output disturbances into y differs
from that into ŷ; for Q ≈ 0 we have Hηo→y(s) ≈ − C PC P+1 , and for Q ≈ 1 we have
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Hηo→y(s) ≈ −1. Since neither of these is zero, we find the DOB cannot compensate
for sensor bias and other measurement disturbances.
In the closed-loop DOB configuration [11]–[13], the DOB is placed around the con-
trolled plant, as in Fig. 5.3. The nominal model utilised by the DOB is then based on
the closed-loop dynamics of the controlled nominal plant. The benefit of this config-
uration is that the entire closed-loop behaviour can be shaped by choosing a desired
nominal model, as the DOB is the outer-most loop. However, generally, changing
the controller parameters requires the DOB model to be re-identified. Additionally,
the DOB model is of higher order: it includes the combined transfer functions of the





FIGURE 5.3: Closed-loop DOB.
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and substituting, we obtain (5.5), which again is equal to (5.7) for frequencies where
Q(s) ≈ 1. Similarly, writing the transfer functions from input disturbance d and
output disturbance ηo, we again find (5.8) and (5.9) respectively, which are equal to
those for the open-loop DOB case.
Note that in the closed-loop DOB configuration, for D2 to be proper, the relative
degree of Q has to be greater or equal to that of the plant plus controller (unless
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choosing to neglect certain higher frequency dynamics in the nominal DOB model,
in which case both can be simplified).
From the above analyses we find that for linear models the two approaches are in
fact equivalent, in terms of their ability to reject both input and output disturbances,
and enforcing nominal model dynamics. For frequencies up to the cut-off of the
Q-filter, the nominal plant Pn(s) is enforced in both configurations, given model
disturbances ∆(s). Furthermore, input disturbances are fully rejected at these fre-
quencies. Output disturbances however are not compensated for by either DOB
structure. As noted earlier, this enforcement of nominal model dynamics and dis-
turbance rejection is approximate due to Q only approaching unity; i.e. the DOB can
only attenuate errors. Additionally, in practice, the nonlinear nature of disturbance
dynamics as well as actuator and sensor limitations limit the disturbance rejection
and model variation rejection capabilities of DOBs.
Obtaining the nominal plant that is to be inverted by the DOB (in (5.3) and (5.11),
respectively) can be done in two ways. In [11], [40], the model was obtained by
constructing a transfer function based on a model similar to that derived in Sec.
3.1 in rigid-gearbox, locked-output configuration. In [10], [12], [13], [38], [41], the
nominal model was obtained by identification of the real system. In this work, we
do the latter; we obtain model parameters from experimental identification. For
simulation, we assume these parameters perfectly describe the plant, i.e. the DOB
has a perfect model of the linear plant dynamics.
As a measure of disturbance observer robustness, [13] presented the Disturbance ob-
server Region Of Convergence (DROC), which guarantees a bounded tracking error
of the DOB resulting from model variation. This proved especially useful to inves-
tigate up to what minimum load inertia the assumption of infinite output inertia
guarantees a specified bounded tracking error. Below we briefly illustrate that the
DROC is identical for the open- and closed-loop DOB cases, and as such cannot be
used to compare the relative performance or robustness of the approaches.
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5.2.1 Disturbance observer Region Of Convergence (DROC)
We obtain the DROC by setting a desired maximum deviation Hδ(s) from the nom-
inal closed-loop response, and solve for the plant dynamics P that result in this
closed-loop response. This allows us to directly see the effect of plant disturbances
onto the closed-loop response. Setting Hr→y(s) = Hδ(s) and solving for P , we ob-
tain the maximum deviation of the plant dynamics from the nominal model. For





n + (Hδ − 1)C − λ
. (5.12)
The implication is that for disturbances acting on linear plants, the robustness to
plant disturbances is identical for both DOB configurations; i.e. the admitted plant
variation is identical whether the DOB is the inner loop or outer loop.
5.3 Simulation Results
In this Section, we perform a simulation study that demonstrates the potential of
DOB based approaches as well as where the behaviours of the open- and closed-
loop DOB approaches differ. In all cases, we use the identified linear dynamics of
the plant to construct our nominal DOB models, and set the Q-filter cut-off frequency
to 70 Hz. Each system uses the same PD controller gains, where α was selected such
that the considered input saturation of 40 A occurs just after the -3 dB point for the
linear model. As is common in literature, we have chosen a sine sweep with 10 Nm
amplitude as reference. We compare four systems:
• Fully linear model with symmetric viscous friction only;
• Nonlinear model (asym. Coulomb and viscous);
• Nonlinear model with open-loop DOB;
• Nonlinear model with closed-loop DOB.
56 Chapter 5. Disturbance Observers for Robust Torque Control
Again, we include the input and sensor noise levels as measured from the real sys-
tem. Furthermore, we found particularly high Coulomb friction in our testing setup,
which will be useful to emphasise the effectiveness of DOB-based approaches.
We investigate the performance of the DOB-based approaches in terms of enforc-
ing their nominal model on the highly nonlinear plant. The resulting closed-loop
transfer function Hr→y is shown in Fig. 5.4. Both DOB-based approaches perform
similarly, reaching a bandwidth of ≈60-65 Hz, similar to the linear model, despite































FIGURE 5.4: Closed-loop transfer function Hr→y .
Additionally, we calculate the error transfer function Hr→e(s) =
Y (s)−R(s)
R(s) , which is
useful to analyse the attenuation of tracking errors, shown in Fig. 5.5. The DOBs im-
prove the low-frequency error rejection by up to 15 dB compared to the linear model,
by rejection of the Coulomb friction torques. This can be explained by integrating
action resulting from the DOB.
By comparison, the addition of nonlinear dynamics in the form of significant Coulomb
friction results in a bandwidth of<1 Hz of the nonlinear ’no DOB’ case. Much higher
gains are required to achieve similar performance, which result in abrupt input sat-
uration at higher frequencies.
From these results it is clear that DOB-based approaches can significantly improve
tracking accuracy and error rejection, and can be used as an alternative to high con-



































FIGURE 5.5: Error transfer function Hr→e.
5.4 Conclusions
Two approaches for applying DOBs to the torque control problem of SEAs were
compared. In the first approach, the open-loop DOB (plant-only DOB), the plant
is augmented with a DOB to enforce nominal dynamics and the resulting system
is controlled. In the second approach, the controlled nonlinear plant is augmented
with a DOB that uses a nominal model based on the controlled nominal plant model.
We compared the approaches and demonstrated their equivalence for linear models,
in terms of their ability to reject disturbances and enforce nominal model dynamics.
To compare the approaches when applied to the nonlinear plant, a simulation study
was presented. The closed loop bandwidth and error transfer functions for the DOB-
based approaches were compared to a linear plant and a nonlinear plant without
DOB. Our simulations report that the DOBs are able to increase the bandwidth of
the nonlinear plant up to that of the linear plant. By comparison, the nonlinear
plant without DOB results in a bandwidth of <1 Hz, requiring much higher gains
to achieve similar performance. Furthermore, the DOBs increase the low frequency
error rejection by up to 15 dB compared to the linear model, due to integrating action
from the DOBs.
However, the results showed no significant difference in performance of the two
DOB configurations. This in fact votes for the open-loop DOB; it uses lower-order
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models and has the practical benefit of not requiring re-identification of the closed-
loop dynamics when changing controller gains.
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Background, Related Work, and
Contributions
Addition of compliant elements in parallel to the main actuation branches, known
as Parallel Compliant Actuations (PEAs), has seen less adoption than SEA, which
was the focus of Part I of this thesis. However, their benefits have been repeat-
edly demonstrated, particularly in terms of energy efficiency: in actuator test bench
setups [43]–[47], hopping robots [48], and bipedal walkers [49], [50]. Compliant el-
ements can also be used to compensate for gravitational effects on a system, e.g.
by placing pretensioned compliant elements in parallel with the primary actuation
mechanism [51]. This can result in large benefits in terms of energy efficiency.
Another field of application is that of prostheses, where parallel compliance has been
utilised in prosthetic ankles [52]–[54] and knees [55], [56], to reduce the motor torque
required to produce the desired deflection-torque profiles.
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6.1 Adjustable Parallel Compliance
A common challenge with parallel compliance is that during some stages of the
motion the torque generated by the parallel element does not correspond well to the
desired torque on the joint. The result of this is that the main actuation drive has to
work against the parallel compliance in order to obtain the desired joint torque or
motion.
To address this, many works employ unidirectional elements [43], [50], [52]–[54],
clutches/switches [44], [46], [48], [55], [57], secondary motors to change the preten-
sion [45], [47], [53], or a combination of these concepts to engage and disengage the
parallel elements at desired moments.
The design proposed in [45] used a mixed series–parallel approach; multiple SEA
branches were placed in parallel, each engaged as required depending on the torque
requirements. The design uses an intermittently driven self-locking mechanism that
does not require any motor torque once a branch has been fully engaged. The au-
thors showed a significant reduction in required motor torque, and an increased
torque output range compared to traditional stiff or SEA setups.
[46] employed a clutched differential mechanism that allowed to store energy in the
internal spring, which could then be released to accelerate the joint in the desired
direction by operating the appropriate clutch.
For legged robots, the swing/flight phase has significantly different knee torque re-
quirements than the stance place. To address this, [48] employed a switching mech-
anism that disengages the parallel knee stiffness based on whether the foot was in
ground contact. A similar switching approach based on an electrically operated
clutch was proposed in [44]. [49] used unidirectional spring elements in the knees
of a bipedal walker and found significant energy efficiency increases. Their design
optimisation found that optimalities exist w.r.t. stiffness tuned to walking speed.
The ankle joint also exhibits the same phase-dependent torque behaviour. Particu-
larly, high torques are required at the moment of push-off, while during initial stance
and swing the torque requirements on the ankle are generally small. To this end, [52]
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and [53] employed unidirectional parallel elements. An interesting cam-based ap-
proach is proposed in [54] allows more freedom to shape the deflection–torque pro-
file. Lastly, [57] also proposed a unidirectional parallel spring element in the ankle
joint of an exoskeleton.
[58] considered parallel stiffness as a static balancing mechanism in multi-DoF ma-
nipulators, which results in complex design however also large energy efficiency
benefits as well as safety in the case of catastrophic failures in active actuation.
6.2 Comparing Series- and Parallel-Elastic Actuation
Some works have compared the benefits and drawbacks of SEA and PEA, mainly in
torque and power requirements. The role of compliant actuation systems in improv-
ing energy efficiency was studied analytically in [16], by considering cyclic hoppers
with various combinations of series and parallel compliance. The authors analyti-
cally derived the optimal stiffness and pretension of SEA and PEA systems for given
desired trajectories of multi-DoF systems. In simulation studies it was shown that
the use of compliant actuation can yield very large energy efficiency benefits com-
pared to traditional stiff actuation. Other authors also considered cyclic hoppers
[59], and SEA and PEA were compared in the context of exoskeleton actuation in
[57]. Another work [60] compared SEA and PEA in terms of power and energy con-
sumption on a single joint, particularly during oscillatory motions.
In [61], it was shown the combination SEA+PEA can yield some further benefits. In
general, the varied results suggest that whether SEA or PEA yields the largest benefit
depends on the application. Specifically, exploiting the use of motions that coincide
with the system’s natural frequency appears to be suitable for the energy efficient
application of SEA [60], as is also evidenced by the results on hoppers. However,
this approach inherently limits the energy efficient operation to those frequencies.
On the other hand, PEAs are well suited for potential energy balancing of systems,
such as those under gravitational load [58].
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6.3 Biarticulation in Biology
Many biological systems have been found to contain biarticulated muscle structures,
where a single muscle spans multiple joints. The human body incorporates many
biarticular muscles; for example the rectus femoris and hamstrings, which span the
hip and knee joints as an antagonistic pair, the biceps that spans the shoulder and
elbow, and the gastrocnemius muscles, which spans the knee and ankle joints.
In the field of biomechanics, biarticulated muscles have been identified to transfer
mechanical power between joints [62], [63]. The gastrocnemius muscles, for exam-
ple, allow for power transfer from knee to ankle joint. This allows to use the pow-
erful quadriceps muscles in ankle actuation as the knee approaches full extension,
thereby greatly increasing jumping height.
6.4 Biarticulation in Robotics
Considering the benefits reported in biological systems, several authors have sought
to employ multi-articulated actuation in articulated robots.
In [64], the transfer of mechanical power between joints was experimentally demon-
strated in a leg that models all nine major muscle groups in the human lower limb
in the saggital plane. In [65] and [66], biarticulation was used in walking and jump-
ing, respectively. [67] showed how biarticulation can improve the end-effector force
ellipsoid. The recently introduced compliant bipedal walker [68] also includes a
biarticulated tendon spanning ankle and knee. [69] showed the benefits of a biar-
ticulated compliant tendon spanning the ankle and knee joints in terms of jumping
height through optimised motions of – and experiments with – a jumping robot.
These works have effectively demonstrated the utility of biarticulation in robotic




Despite the promising results reported in literature, substantial energy efficiency im-
provements have not commonly been demonstrated on real-world systems. This is
because both the design and control of such actuators is not sufficiently well under-
stood yet. One area that could particularly benefit from high performance, energy
efficient, compliant actuation is legged robotics, which require high performance in
terms of energy efficiency and power output for tasks such as running, jumping or
kicking.
The recently introduced asymmetric compliant joint concept [3], [4] by Tsagarakis et
al. employs a highly asymmetric design that combines a high power motion branch
with an energy storage and load compensation branch. The high power branch is
based on the SEA principle with a relatively stiff torsional transmission. The parallel
energy storage branch consists of a small motor with high reduction transmission
and a linear elastic element. The linear elastic element has relatively low stiffness
and is able to store a large amount of elastic energy. The adjustable properties of the
energy storage branch permit the regulation of the equilibrium of the elastic element
for the purpose of minimizing the effort required to execute tasks including slowly
varying periodic profiles or for gravitational load compensation.
The work presented in the second part of this thesis found its origin in the aforemen-
tioned combined series-parallel approach, which we refer to as Asymmetric Com-
pliant Actuation (ACA). Chapter 7 builds on the previous work by Tsagarakis et al.,
significantly contributing on the tuning and control of this asymmetric compliant
joint for energy efficient operation. Specifically, we propose a novel distributed con-
trol strategy which is applied to this dual actuation system. This distributed control
strategy actively utilises both actuation branches to perform the desired motion. In
contrast, in previous works by Tsagarakis et al. the pretension of the energy stor-
age branch was manually set to a constant value. Furthermore, we present a more
extensive modelling approach with promising simulation results in terms of elec-
trical energy efficiency as well as reduced torque requirements over a wide refer-
ence frequency range. Our experimental results illustrate the potential of the control
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method, by a significant reduction in electrical power consumption of up to 65%.
Building on that work, Chapter 8 extends and generalises the concepts to provide
the necessary guidelines for future development of more complex systems and, ul-
timately, integration on humanoids such as WALK-MAN [2]. It significantly con-
tributes by:
• Generalising the design and control concepts of asymmetric compliant actua-
tion to multi-DoF systems;
• Extending the asymmetric compliant actuation principle to biarticulated actu-
ation structures;
• Proposing a novel method for optimizing the parameters of these multi-DoF
asymmetric compliant actuation configurations to improve their energy effi-
ciency.
Most existing humanoids and many other robotic systems employ stiff or conven-
tional series-elastic actuation. Thus, we use SEA as the basis for comparison against
our methods.
Comparative simulation studies performed on a 2-DoF leg model demonstrate sig-
nificant energy efficiency benefits in electrical energy efficiency and reduction in
peak torque and electrical power requirements. A biarticulated actuation arrange-
ment is shown to further improve energy efficiency.
Indeed, we believe that the ACA concept can improve the energy efficiency and
power autonomy of many robotic platforms.
Chapter 9 brings the advancements presented in the previous chapters into practice,
and introduces the novel design of a 3-DoF leg with series and parallel compliant
actuation using the ACA concept, both with monoarticulated and biarticulated ac-
tuation configurations. The leg is designed such that the actuation configurations
are rapidly interchangeable, to allow for comparison.
In this work we present the concept and the realised prototype, as well as initial
experimental results that show the concept’s potential.
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In addition, the experimental comparison study on the energetic performance of the
SEA, monoarticular and biarticular principles, using the same standard hardware
and motion profiles, provide initial indications on how the three actuation configu-
rations affect the energetic economy of the leg.
Lastly, Chapter 10 focuses on the model formulation and control of such compli-
ant actuation arrangements including multiple branches and multi-articulation, and
significantly contributes by:
• Proposing an elegant modular formulation that describes the energy exchange
between the compliant elements and articulated multi-body robot dynamics
using power flows and a single matrix that describes the entire actuation topol-
ogy, and;
• Uses this formulation to derive a novel gradient descent based control law for
compliant actuation structures with adjustable pretension, with proven con-




Development and Control of a
1-DoF Leg with Parallel
Compliance
This Chapter presents the modelling and control of a novel Asymmetric Compliant
Actuation (ACA) scheme, a concept originally presented in [3], [4], and characterised
by large energy storage capacity that enables efficient execution of motions. The
asymmetric design consists of two actuation branches which transfer their power to
a single joint through two compliant elements with different stiffness and storage
capacity properties. The guideline for selecting the stiffness of both elements is elab-
orated, given the design parameters and control requirements. We propose a novel
control strategy that distributes the effort required to generate the motion between
the two actuation branches of this novel hardware, to drive the prototype joint in
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an energy efficient manner. As a proof of concept, a single degree of freedom knee-
actuated hopping robot is used for experimental validation. The dynamics of the leg
and actuators are rigorously modelled and formulated. The data from simulation
and experimental studies report a significant improvement in electrical energy effi-
ciency and reduction in torque requirements; Our experimental results demonstrate
a reduction in electrical power consumption of up to 65%.
The Chapter is structured as follows. Sec. 7.1 elaborates the asymmetric compliant
joint actuation scheme, followed by the mechanics of the 1-DoF leg prototype that
is used to illustrate the principle. Furthermore, it discusses the modelling of both
actuator and leg. Sec. 7.3 discusses the methods used for selecting the stiffness
of both actuation branches. Sec. 7.4 presents our novel control strategy for this
hardware. Simulation and experimental studies are presented and data are analysed
in Sec. 7.5 and 7.6. We conclude with a discussion of the results in Sec. 7.7.
7.1 Asymmetric Compliant Joint Design
The main components of the asymmetric compliant design are shown in Fig. 7.1.
The link is driven by two parallel force controlled actuation branches allocated in
an antagonistic configuration of high asymmetry, which is dedicated to enhancing
energy efficiency.
The first branch is designated as the PB, and is a rotational drive based on Series-
Elastic Actuation that consists of a high power motor M1 in series with a torsional
elastic transmission SE, intended for impact absorption. The second branch is des-
ignated as the ESB, and consists of a lower power motor M2 combined with a high
reduction linear transmission. The motor transfers its power to the joint through a
unidirectional elastic element PE. The main characteristic of the elastic element PE
is the very large elastic energy storage capacity.

















FIGURE 7.1: Concept of the asymmetric compliant joint.
7.1.1 1-DoF Leg Prototype
In this Chapter we focus on a one DoF proof of concept, on which the benefits in
terms of electrical power consumption and torque requirements are clearly demon-
strated. The work presented in this manuscript serves as an important proof of
concept prior to further investigation of more complex systems. To validate the ef-
fectiveness of the asymmetric compliant joint, a single DoF knee-actuated leg was
developed, shown in Fig. 7.2 and 7.3.
The Power Branch is actuated by a brushless DC motor combined with a Harmonic
Drive transmission with reduction of 80:1 (Fig. 7.4a). The series elasticity is imple-
mented by a flexible torsional transmission between the gearbox and the output link.
It is augmented with three position sensors: An incremental optical encoder (12-bit)
is mounted at the motor side before the gearbox, a second incremental optical en-
coder (19-bit) is mounted after the gearbox before the flexible torsional transmission
element, and a third absolute capacitive encoder (19-bit) is placed after the flexible
transmission and measures the PB output angle (link side) after the torsional trans-
mission. By monitoring the deflection of the torsional transmission bar using the
last two encoders and knowing its stiffness, the torque provided by motor M1 is
estimated. The output transfers its power to the knee joint through a 4-bar linkage
with 1:1 velocity ratio.










FIGURE 7.2: Schematic of the leg design showing its main compo-
nents.
The main requirement for the Energy Storage Branch is to store a large amount of
potential energy. To achieve this we utilise rubber-type elastic cords. The cords are
constructed from a number of elastic strands enclosed inside a woven braided cotton
sheath. The cords are pretensioned using a secondary actuator M2 (Fig. 7.2 and 7.4b)
that drives a highly efficient ball screw of 10 mm pitch. A load cell is fitted at the
connection between the linear drive and elastic elements so that it allows measuring
directly the linear force generated by the elastic elements, and thus the joint torque
generated by the branch. The secondary actuator itself consists of a brushless DC
motor (Maxon EC22, 100 W) with 29:1 planetary reduction gearbox with peak torque
of 3 N·m. Due to the combined transmission ratio of the reduction gearbox and
ball screw, the torque requirement on the ESB motor is small, which reduces the
required current and thus heat dissipation, resulting in a high efficiency drive. To
unload the actuator when the pretension position is constant, the actuator is coupled
to the ball screw through a two side overrunning clutch, which implements the non-
backdrivable mechanism shown in Fig. 7.1. More details on the mechanical design
can be found in [3], [4].
Both actuators were positioned close to hip level to reduce the distance to the cen-
ter of mass of the leg links, and thus to minimise inertia of the leg, enabling lower









FIGURE 7.3: Prototype of 1-DoF leg setup used in the experimental
validation.
power consumption during dynamic motions. Some structural components are con-
structed of carbon fibre, chosen for its high strength-to-weight ratio, reducing total
mass while maintaining structural rigidity. As an exception, the lower leg segment is
made from metal, as it has to bear very high impact forces in dropping and jumping
experiments, making carbon fibre less suited.
7.2 Modelling of Leg and Actuator Dynamics
In this Section, we present the modelling and analysis of the actuator and 1-DoF leg
prototype. In the following formulation, we take a modular approach by modelling









(A) High performance Power Branch (PB) drive.
ESB motor












(B) Energy Storage Branch (ESB) drive.
FIGURE 7.4: Actuation drives for both branches.
actuator and leg separately, which allows the actuator model to drive joints in other
applications as well. As the goal of both models is the analysis and controller design,
and we do not expect friction effects to be the dominant behaviour, we model all
frictions as purely viscous for simplicity. This reduces the number of parameters
and allows to use linear representations of the models.
7.2.1 Leg Modelling
The leg model (Fig. 7.5) consists of two links of length l connected by an actuated
knee joint. The links have masses m1,m2 and rotational inertiae J1, J2 respectively.
On the hip, which is constrained to vertical movement, is an additional mass m3
which is a lumped mass representing components of the actuator and the load. The
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lower link pivots around the ground contact point (i.e. we assume the foot is in con-
tact with the ground without slippage, so that it can be considered fixed), resulting
in a 1-DoF system.
FIGURE 7.5: 1-DoF leg model.
The dynamics of this model are described by
q̈k = M(qk)
−1 [τleg +G(qk)− τd] (7.1)
where qk denotes the knee angle as in Fig. 7.5, τleg denotes the actuator torque at



















76 Chapter 7. Development and Control of a 1-DoF Leg with Parallel Compliance
the gravitation vector Gc is given by
Gc = [0,−m1g, 0, 0,−m2g, 0,−m3g]T (7.4)
and g = 9.81 m/s2. Notice that since the hip is constrained to vertical movement we
do not need to consider its horizontal movement and rotation. Thus, we can neglect
these from the derivation. In all notation, ˙[.] denotes the time derivative and [.]T
denotes the matrix transpose. We ignore the centripetal and Coriolis forces, as we
only consider low-velocity motions. The generalised inertia matrix M(qk) is given
by
M(qk) = J
T (qk)Mc J(qk) (7.5)
with the nominal inertia matrix Mc defined as
Mc = diag (m1,m1, J1,m2,m2, J2,m3) . (7.6)
7.2.2 Actuator Modelling
The actuator model is shown in Fig. 7.6. We include the electrical dynamics of the
motors of both branches, in which IE1, IE2, dE1 and dE2 denote the winding induc-
tion and resistance values of M1 and M2 respectively. The currents in the motors are






















FIGURE 7.6: Dynamics model of the actuator ESB and PB branches.
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In the mechanical domain of the Power Branch, the M1 and Harmonic Drive inertia
and damping are lumped and denoted as Im1 and d1 respectively. The Harmonic
Drive transmission ratio is denoted as r1. The torsional transmission bar is modelled
as a spring-damper with stiffness kPB and damping dPB , such that the resulting
torque contribution on the knee joint τPB is given by
τPB = kPB ∆PB + dPB ∆̇PB, (7.7)
where ∆PB = q1 − qk denotes the deflection of the torsional transmission of the
Power Branch.
In modelling the Energy Storage Branch, the ball screw inertia is neglected, due to
its low value and transmission ratio of the M2 gearbox. The M2 inertia is denoted as
Im2 and the lumped reflected damping of M2 and the ball screw at the motor side
before the reduction is denoted as d2. r2 denotes the combined M2 gearbox and ball
screw transmission ratio, and the ESB transfers its power to the joint through the
output pulley with radius rk. Note that the non-backdrivable mechanism is ignored
in the model. We do so because it would complicate modelling and the mechanism
is not active in our proposed control strategy.
It is evident that the rubber type elastic element in the leg prototype only applies
elastic force under extension, i.e. only negative knee torques can be generated.
Therefore the ESB energy storage element PE is modelled as a nonlinear spring-
damper combination, which is unidirectional:
Fp =
 kp ∆p + dp ∆̇p ∆p > 00 otherwise (7.8)
where kp denotes the spring constant, dp denotes the damping and ∆p denotes the
spring extension, given by ∆p = p + rk qk, where the pretension position p is set
by motor M2 as p = r−12 θ2. The torque generated by the ESB on the knee joint
is then given by τp = −rk Fp, and the net joint torque τleg is given by the sum of
contributions of PB and ESB: τleg = τPB + τp.
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The Port-Hamiltonian method was used to derive the actuator dynamics, and writ-
ten as a set of first-order coupled differential equations:
ẋ = f(x) + g(u) (7.9)
where the state x is defined as
x =
(
i1, i2, θ̇1, ṗ,∆PB,∆p, θ1, p
)T
(7.10)
where i1 and i2 denote the motor currents, θ̇1 and ṗ denote the motor velocities in
Fig. 7.6, and θ1 and p are integrating states to obtain the PB motor and pretension
positions. The input vector u is defined as
u = (v1, v2, q̇k)
T (7.11)
where v1 and v2 denote the motor input voltages, and q̇k denotes the output link
velocity (coming from the leg model).
7.3 Stiffness Selection Guidelines
Having derived the models of the actuator and leg prototype, this Section introduces
the guideline for selection of the stiffness of the compliant elements in the two actu-
ation branches. Based on the gravitational load, stiffness, and inertial properties, the
stiffness of the elastic elements can be selected to achieve two goals:
1. Set the anti-resonance of the leg system above a specific frequency that satisfies
the trajectory and control bandwidth requirements.
2. Provide a desired load compensation for improved energy efficiency and re-
duced torque/power requirements.
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7.3.1 Energy Storage Branch Stiffness
The capability to adjust the pretension of the large elastic element PE allows to op-
timise energy efficiency or to generate high peak power output. A way to minimize
the energy required from the Power Branch is to use the Energy Storage Branch to
provide gravity compensation on a joint by appropriately selecting the ESB stiffness
kp and the pretension p. By choosing these parameters well, the elastic element PE
can be used to generate torque on the knee joint to counteract the gravitational load
on a wide range of knee joint angles.
By neglecting the damping component, i.e. assuming quasi-static compensation, the
torque generated by elastic element PE can be written in the following linear form
with respect to knee joint angle qk:
τp = ϕ1(kp, p, rk) + ϕ2(kp, rk) qk (7.12)
where ϕ1 and ϕ2 are functions of the stiffness kp, pretension p and pulley radius rk,
and given by ϕ1(kp, p, rk) = rk kp p and ϕ2(kp, rk) = −r2k kp.
The objective is to select the stiffness and pretension of the elastic element to com-
pensate for the gravitational loadG(qk) as close as possible. In other words, we want
to determine the values of the optimal linear coefficients ϕ1 and ϕ2 in (7.12) to closely
match the gravity load for the full range of motion of the knee joint. Assuming the
knee pulley radius rk is known, this allows us to derive the optimal parameters kp
and p. Considering now an arbitrary motion that exploits the full range of the leg
(0 < qk < 2.5 rad) in Fig. 7.5, the optimal values of coefficients ϕ1 and ϕ2 can be
computed by solving the linear least square problem with the following objective






with ε = τp(qk) − G(qk). Fig. 7.7 shows the derived optimal fitted line for ϕ1,opt =
−2.62 and ϕ2,opt = −16.96.
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FIGURE 7.7: Fitted linear stiffness as a function of the knee angle qk
and gravitational load curve.
Given ϕ1,opt and ϕ2,opt, then kp and p can be parametrised with respect to the radius








Fig. 7.8 shows the values of kp and p required to optimally match the gravity load as
a function of rk. In the lower graph the maximum required deflection ∆p of the elas-
tic element is shown, which provides an indication of its total length requirements.
Certainly this is a parameter that needs to be considered given the space limitations
on the mechanical assembly. Using this as a guideline, the stiffness kp and pretension
p were selected for a radius of rk = 0.05 m, resulting in a stiffness and pretension
of (kp, p) = (6.8 kN/m, 7.7x10-3 m). The selected physical element has a stiffness of
8.7 kN/m (±15% tolerance) in the linear range. The required deflection to cover the
full range of motion of the knee joint is ∆p = 0.125 m which can be satisfied by the
available space and mechanical constraints in this case.
7.3.2 Power Branch Stiffness
In tuning the stiffness of the Power Branch, we consider (7.1) and (7.9) and that the
leg is in an equilibrium posture qk = qek. We first linearise the leg dynamics (7.1)




τleg +∇G(qek)φ− dk φ̇
]
(7.15)
7.3. Stiffness Selection Guidelines 81










kp = 6.8 [kN/m]








p = 7.7e-03 [m]










∆p = 0.125 [m]
FIGURE 7.8: Optimal stiffness kp and pretension position p required
to compensate the gravity load as a function of the knee pulley radius
rk. The third graph shows the maximal required ESB elongation ∆p
as function of rk.
where φ = qk − qek is the deviation from the equilibrium posture and the linearised
gravitational torque ∇G(qek) =
d
dqk
G(qk)|qk=qek . To linearise the actuator model we
consider the ESB elastic element force (7.8) to be linear, such that (7.9) becomes a set
of linear equations. Assuming that the generalized coordinates are slightly changing
around the equilibrium configuration and their time derivatives are all small, then
damping forces can be neglected. We then combine equations (7.9) and (7.15) to
obtain the linear system, which is linearised at the equilibrium posture and written
in state-space representation as:
Q̇ = A(qek)Q +Bu (7.16)
where Q = (q, φ)T . At the equilibrium, resonance frequencies of the system can be
determined by calculating the eigenvalues of A. It is evident that the Power Branch
stiffness has a large influence on the resonance frequencies and the overall dynamic
response from the torque delivered by motor M1. Furthermore, the motor torque to
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position response exhibits anti-resonant frequencies, which are determined by the
transmission zeros of the system. It can be shown that these anti-resonant frequen-
cies become the performance limiting factor in designing the closed-loop control
system, since the anti-resonant frequencies are always below the resonant frequen-
cies.
For the system described by (7.16), the transmission zero limiting the M1 perfor-
mance is given by the roots of
M(qek) s
2 +∇G(qek) + kp r2k + kPB = 0 (7.17)
where s denotes the Laplace transform variable. Solving for s, we obtain the anti-





∇G(qek) + kp r2k + kPB
M(qek)
. (7.18)
From this result we can select the Power Branch stiffness kPB to set the anti-resonant
at a desired frequency following our trajectory and control bandwidths, e.g. far >
µfb, where fb is the desired bandwidth and µ is a scaling parameter. Solving (7.18)
for kPB results in the required value of the PB stiffness:
kPB = (2π far)
2M(qek)−∇G(qek)− kp r2k. (7.19)
The resulting required PB stiffness for a given value of far as a function of equilib-
rium configuration is shown in Fig 7.9.




















f = 1 Hz
f = 2 Hz
f = 3 Hz
f = 4 Hz
f = 5 Hz
f = 6 Hz
f = 7 Hz
f = 8 Hz
FIGURE 7.9: Required PB stiffness over knee angle for a targeted anti-
resonance frequency far.
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In this work we consider a desired bandwidth of fb = 2 Hz and set the anti-resonant
at 4 Hz (µ = 2), resulting in a minimum stiffness kPB of approximately 918 N·m/rad
for an additional load of 5 kg at the hip. The stiffness of the fabricated physical
element is approximately 950 N·m/rad.
7.4 Control Strategy
The proposed control architecture to control the knee angle is shown in Fig. 7.10. An
outer loop closes a position reference on the PB motor position using a PD controller
with compensation term based on gravity. We choose to perform feedback in the PB
using the motor rotor variable θ1 instead of the knee angle to ensure that the closed
system is asymptotically stable provided that the proportional and derivative gains
are strictly positive (collocated control). Alternative feedback schemes using the link
side variables would be possible but the selection of the proportional gain would be
limited by the stiffness of the torsional transmission element to ensure stability.
The desired net torque τ∗ on the knee is given by:
τ∗ = −G(qk) +Kp [e1 +Kd ė1] (7.20)
where e1 = θ∗1 − θ1 and Kp and Kd denote the proportional and derivative gains
respectively. The desired knee torque is split into two components, to be delivered
by the Energy Storage Branch and Power Branch respectively. The pretension con-
trol system adjusts the pretension position to reach the ESB pretension required to
achieve the desired ESB torque. Low-level control loops control M1 and M2 to obtain
the desired motor torques τ∗PB and τ
∗
M2.
In the realised experimental setup, the low-level control is implemented on custom-
built DSP-based motor controller boards running at 1 kHz: the controller monitors
the deflection of the PB torsional transmission using the position encoders to obtain
an estimate of the PB torque τPB using its known stiffness, and then uses PD control
to calculate the M1 motor input. The pretension position p is controlled using PD
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voltage control directly on the M2 motor position θ2 to obtain p → p∗. The remain-



















FIGURE 7.10: Control Architecture.
7.4.1 Motivation
Given a known pretension-torque relation for the ESB, it is straightforward to cal-
culate the pretension position p that achieves a desired torque τ∗. However, the
resulting pretension position is relative to the output link position qk, corresponding
to a certain elongation of the elastic element to generate the desired torque. Since
there is unavoidable high-frequency motion of the output link, this would require
high-frequency pretension position control to track a desired ESB torque exactly.
However, this is not a desirable control strategy given the relatively low bandwidth
and the high transmission ratio of the ESB actuation. We consider therefore a con-
trol strategy in which the ESB tracks the low-frequency components of the desired
pretension position, and we use the high bandwidth of the PB to ensure the desired
total torque τ∗ is achieved at the output by the net torque from both ESB and PB
contributions.
7.4.2 Torque Distribution
The upper part of Fig. 7.11 shows the distribution of the desired total torque τ∗
into the desired PB torque and the desired ESB torque. The desired PB torque is
calculated by subtracting the measured ESB torque τp from the total desired torque
τ∗. We calculate the supplied ESB torque as τp = rk Fp, where Fp is the measurement


















FIGURE 7.11: Reference torque distribution and pretension control.
of the load cell. In this way the high bandwidth of the Power Branch is used to
ensure the desired net torque is achieved at the knee joint: τp + τ∗PB = τ
∗.
7.4.3 Pretension Control
Recalling (7.12) and solving for p, we can calculate the optimal pretension position
popt given a desired torque τ∗ and output position qk (lower part of Fig. 7.11):
popt(qk, τ
∗) = rk qk + η1 τ
∗ (7.21)
where η1 = (rk kp)
−1. However, as noted before, we choose to track only the low-
frequency components. We write this as p̃opt, where [̃.] denotes low-pass filtering.
The structure ensures that in steady state p̃opt → popt, such that τp → τ∗, meaning the
entire desired net torque is delivered by the ESB. The Low-Pass Filter (LPF) (LPF
block in Fig. 7.11) is a first-order Butterworth filter with cut-off frequency of 0.03 Hz.
Furthermore, to avoid slack in the compliant element PE due to lag resulting from
the low-pass filtering, we calculate the zero pretension position (the position where
∆p = 0) as pzp = rk qk, and define the pretension reference position p∗ as
p∗ = max (p̃opt, pzp) . (7.22)
We then apply PD control on M2 to obtain p → p∗ by controlling the M2 motor
position θ2.
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7.5 Simulation Results
To analyse the effectiveness of the proposed design and control methods, we initially
performed several simulation studies prior to experiments. For these simulations,
the hip was loaded with an additional 5 kg of weight, simulating the weight of a
small biped robot in two-legged squatting.
First we studied the comparative performance of a cyclic squatting motion for two
cases: first using only the series-elastic Power Branch (i.e. ESB elastic elements dis-
connected), and second using both actuation branches. We compared the electrical
motor power as a measure of energy efficiency, defined as PMj = vj ij , j ∈ 1, 2,
where vj denotes the voltage applied to motor j and ij denotes the current through
motor j as in Fig. 7.6. Finally, we also compared the electrical motor power as a
function of squatting reference frequency, to show the energetic benefits for a wide
reference frequency range.
Simulations were performed in MathWorks MATLAB R2013b Simulink with the
ode45 variable-step solver with absolute and relative tolerances of 1e-8.
7.5.1 Cyclic Squatting Motion
In this simulation, a sinusoidal reference q∗1(t) = α + β sin(2π f t) with α = 1.3 rad,
β = 0.5 rad and f = 0.5 Hz is used for M1. The motion covers a relatively large range
of the knee. We first consider the case in which the ESB is not used, and secondly
the case in which both branches are engaged in the motion.
No ESB
Fig. 7.12a shows the tracking performance when the ESB elastic elements have been
disconnected. As discussed in Sec. 7.4, the choice of using the motor-side variable
θ1 for feedback results in high control bandwidth and allows for high gains, such
that the motor-side tracking error is smaller than 5e-3 rad. We find that due to this
choice there exists a bias in the error between the M1 and knee angles, due to the
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(A) No ESB: Knee tracking.















(B) With ESB: Knee tracking.











(C) No ESB: Motor power.

















(D) With ESB: Motor power.
FIGURE 7.12: Simulation results for a cyclic squatting motion. The
left column shows the results without ESB, the right with ESB. In
all cases, the filtered (filt.) variables denote averages over the motion
period (1/0.5 Hz = 2.0 s).
deflection of the elastic torsional transmission resulting from gravitational torque.
However, since the worst-case anti-resonant was set at 4 Hz in Sec. 7.3, the element
is sufficiently stiff, and the maximum joint-side error is smaller than 0.05 rad. Fig.
7.12c shows the electrical power consumption during this simulation. The average
rectified power consumption over one cycle without ESB is 38.5 W.
With ESB
In this case both branches are engaged in performing the squatting motion. Fig.
7.12b shows the knee tracking performance. As the ESB starts compensating for the
DC and low-frequency torque requirements of the motion, the gravitational torque
on the torsional transmission element is significantly reduced. As a result, the bias in
the error between the M1 angle and knee angle disappears, improving the tracking
performance on the joint side with a maximum error smaller than 0.015 rad. With
ESB, the average rectified power consumption over one cycle is 11.4 W.
A comparative analysis of the motor power (Fig. 7.12c, 7.12d) demonstrates that the
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total power for executing this motion is reduced from 38.5 W (without ESB) to 11.4
W (with ESB), a reduction of ≈70%. With ESB, the total power rises initially, and
then drops as the elastic element is pretensioned and starts delivering most of the
desired knee torque.
Fig. 7.13 depicts the torque contributions of both branches at the knee joint, and
the pretension position p and ESB elastic element elongation over time are shown
in Fig. 7.14. We observe in these figures that as the pretension position converges,
the ESB starts delivering most of the low-frequency torque requirements to perform
the motion. Simultaneously, the mean PB torque τPB converges to zero. Together
these effectively show that most of the DC and low-frequency torque demands are
delivered by the ESB.


















FIGURE 7.13: Torque contributions at the knee joint during cyclic
squatting motion. τp denotes the ESB torque, τPB denotes the PB
torque, and τleg denotes the total torque delivered at the knee joint.













FIGURE 7.14: Pretension position p and ESB elastic element elonga-
tion ∆p over time.
7.5.2 Power Consumption over Reference Frequency
In this simulation we consider the electrical motor power as a function of squatting
reference frequency in the range from 0.1 to 1.0 Hz. The results are shown in Fig.
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7.15, where again PM1 and PM2 denote the power of motors M1 and M2 respectively,
and P = PM1 + PM2 denotes the sum. PM1,noESB denotes the case in which the
ESB elastic elements are disconnected, which means only M1 is used to generate the
motion and deliver the required power.
We observe in Fig. 7.15 that for low frequencies the total motor power converges to
very small values when using the ESB. This is due to two reasons: 1. at low frequen-
cies the gravitational torque becomes dominant; 2. there is a close matching between
ESB torque and gravitational torque as a function of knee angle. Together this en-
sures the ESB delivers nearly all required torque in an energy efficient way, as both
motors are almost idle. Conversely, in the case where the ESB is not used, the motor
power converges to ≈20 W for low frequencies, corresponding to the effort required
to compensate for gravitational torque. These results illustrate that as the reference
frequency decreases, the relative improvement in electrical energy efficiency due to
the ESB becomes progressively larger.

























P = PM 1 + PM 2
PM 1,noESB
FIGURE 7.15: Simulation of electrical motor power over reference fre-
quency. PM1,noESB denotes the case in which the ESB is not used, that
is, only the PB motor M1 is used to perform the motion.
7.6 Experimental Results
Following the promising simulation results, we performed experiments on the leg
prototype to validate the performance of the proposed design and control methods
in practice. Similar to the simulation, two cases are evaluated in comparison: one is
the case where ESB is not used at all by disconnecting the ESB elastic elements, and
the other is the case where the ESB is engaged and controlled by the control scheme
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presented in Sec. 7.4. We used the same cyclic squatting motion as in the simulation
studies.
Note that during this squatting motion, the control strategy produces a smooth and
varying reference for motor M2, therefore the unilateral clutch is not active. How-
ever, when the system is powered down, the non-backdrivable mechanism self-locks
and ensures that the pretension position is fixed.
This Section first elaborates the characterisation of the torque delivered by the ESB
elastic elements in the experimental setup, and then presents the experimental re-
sults for both cases.
7.6.1 ESB Tension to Torque Characterisation
In our model we assume a linear spring force generated by the elastic elements of the
ESB. However, the spring force generated by the physical elastic elements is non-
linear in practice. Hence, the tension to torque relationship has to be characterised
for optimal performance. We characterised the elements by a mapping from the ESB
extension ∆p to ESB knee torque τp. The leg was kept in an equilibrium position
qk = α = 1.3 rad (the mean of our reference motion) and we varied the pretension
p to obtain measurement sets (∆p, τp). From our measurements we found no signif-
icant hysteresis for the used type of elastic cords. While the presence of hysteresis
in the cords would result in the ESB not exactly delivering its desired torque, the
use of a load cell for direct measurement of the delivered torque ensures that the net
desired torque is always achieved at the joint: The desired PB torque is calculated
by subtracting the measured ESB torque from the net desired torque (Sec. 7.4.2).
After obtaining a set of measured (∆p, τp) over a large range of ∆p, we inverted the
relationship, interpolated the data into evenly spaced data points, and fit a polyno-
mial function ψ to obtain the relationship ∆∗p = ψ(τ∗), which maps a desired ESB
torque to a desired elastic element elongation. The optimal pretension position popt
in (7.21) is then instead given by
popt(qk, τ
∗) = rk qk + ψ(τ
∗). (7.23)
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The results are shown in Fig. 7.16. As expected based on material properties, the
spring force increases rapidly for small elongations, and then increases more slowly
afterwards. This is in line with information provided by the manufacturer.











∆p interp. poly fit
FIGURE 7.16: Characterisation of ESB torque and elastic elongation.
7.6.2 Experimental Results
Snapshots of one motion cycle of the experiment are shown in Fig. 7.17. The exper-
imental results are shown in Fig. 7.18, where results without ESB are located on the
left and the corresponding plots with ESB are shown on the right. The thick lines
(filt.) in Fig. 7.18e–7.18j denote the powers and torques averaged over the motion
period of 2.0 s.
FIGURE 7.17: Experiment snapshots showing one motion cycle.
Comparing Fig. 7.18c to 7.18d, we observe that as the pretension position converges
and ESB elastic element is tensioned, the ESB starts delivering most of the required
torque. At the same time, the PB torque converges to zero mean, keeping the mean
net torque approximately constant. This implies that the ESB is delivering the DC
torque requirements. This is confirmed by the cycle average torque of drive M1 (Fig.
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7.18j) which gradually approaches zero. Hence, our proposed control strategy is
effective, significantly improving electrical energy efficiency.
The efficiency of the drive M1 itself, i.e. the ratio of conversion of electrical to me-
chanical power, is≈53% in the first case, and reduces to≈38% when the ESB is used.
This is attributed to the relatively larger contribution of the back-EMF and internal
mechanical friction in the drive, as the same motion is executed but smaller torque
is delivered. The lower torque requirement also reduces the demand on the power
supply: after convergence the peak electrical power generated during the motion is
reduced from >170 W to <50 W. Hence, on robotic systems using the proposed me-
chanical structure, both motors and power supply can be dimensioned differently,
reducing system costs and weight while obtaining increased energy efficiency.
Table 7.1 summarizes the power consumption results shown in Fig. 7.18e–7.18h. The
electrical power of the complete system without ESB (Fig. 7.18e) is ≈54 W, with all
power delivered by the high power PB drive M1. In the case when both actuation
branches are used (Fig. 7.18f), the total electrical power is ≈19 W. This results in an
electrical power reduction of ≈65%, which is in agreement with the results obtained
in simulation.
No ESB With ESB
M1 electrical power [W] 54.0 14.3
M2 electrical power [W] – 4.5
Total electrical power [W] 54.0 18.8 ↓
M1 mechanical power [W] 28.5 5.5
M1 efficiency [%] 53 38
TABLE 7.1: Summary of experimental results.
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(A) No ESB: Knee tracking.



















(B) With ESB: Knee tracking.


















(C) No ESB: Torques at the knee joint.




















(D) With ESB: Torques at the knee joint.













(E) No ESB: Motor power.















P = PM 1 + PM 2
(F) With ESB: Motor power.
















(G) No ESB: M1 mechanical power.
















(H) With ESB: M1 mechanical power.




















(I) No ESB: M1 torque.




















(J) With ESB: M1 torque.
FIGURE 7.18: Experimental results. The left column shows results
without ESB, the right with ESB. In all cases, the filtered (filt.) vari-
ables denote averages over the motion period (1/0.5 Hz = 2.0 s).
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7.7 Conclusions
The modelling and control of a novel compliant joint of asymmetric compliant de-
sign for energy efficient motion generation was presented in this Chapter, and its
effectiveness is demonstrated in both simulation and experimental studies. The
novel asymmetric design consists of two antagonistic branches driving a single joint:
a high power branch based on Series-Elastic Actuation designated as the Power
Branch, and a highly energy efficient branch with large elastic energy storage ca-
pacity, designated as the Energy Storage Branch.
As a proof of concept, a 1-DoF knee-actuated hopping robot was used and the ef-
fectiveness was successfully validated. Both leg and actuator were thoroughly mod-
elled, taking into account the electrical dynamics of the motors. The stiffness of both
branches was selected using appropriate guidelines based on control bandwidth re-
quirements and gravitational load compensation for improved energy efficiency.
Exploiting the full potential of this unique hardware was challenging and interest-
ing. Our novel control strategy was developed for actively employing both branches
of this novel hardware to efficiently drive the joint, by distributing the required effort
to perform the motion among both branches. We utilised the Energy Storage Branch
to deliver the low-frequency components of the desired torque, and exploited the
high bandwidth of the Power Branch to ensure that the desired net torque was
achieved at the joint.
The electrical energy efficiency benefits of the concept were proven by simulation
and experiment. Noticeably, the experimental results show a significant reduction
in electrical power consumption of 65%. Given these very promising results, we be-
lieve this interesting actuation concept can contribute to higher performance robotic





This Chapter presents the generalisation of the design and control concepts of the
asymmetric compliant actuation concept introduced in Chapter 7, as well as its ex-
tension to multi-DoF articulated robotic systems. Biarticulated structures are intro-
duced, which enable more design freedom and have the unique ability of transfer-
ring mechanical power between joints. The Chapter studies and presents a novel
method to select the design parameters of asymmetric compliant actuation schemes,
to improve the energy efficiency of multi-DoF articulated robots powered by this
type of actuator. An optimisation problem is formulated to optimise the actuation
design parameters for energy efficient operation. Simulation studies performed on
a 2-DoF leg as proof-of-concept report significant improvements in electrical energy
96 Chapter 8. Generalisations and Biarticulation for Articulated Robots
efficiency and reduction in peak torque and electrical power requirements. Further-
more, the biarticulated actuation arrangement is shown to further enhance the en-
ergy efficiency of the robotic leg.
The Chapter is structured as follows. Sec. 8.1 introduces the concept of biarticu-
lated actuation structures. Sec. 8.2 describes the 2-DoF proof-of-concept leg model
used to illustrate the effectiveness of our methods, as well as the model formulation
of both leg and actuation. Sec. 8.3 discusses the methods used for optimisation of
the actuation design parameters for general multi-DoF systems, actuated by an arbi-
trary combination of mono- and biarticulated actuators. Sec. 8.4 presents the control
architecture for multi-DoF systems. A simulation study is presented and data are
analysed in Sec. 8.5, followed by conclusions in Sec. 8.6.
8.1 Biarticulated Actuation Structures
In contrast to most existing robots, humans utilise biarticulated muscle structures
that actuate multiple joints with a single muscle. Examples include the hamstrings,
which span both the hip and knee joints, and the gastrocnemius muscle that spans
both the knee and ankle joints. Fig. 8.1 shows the actuation concept in biarticulated
configuration. The PB drives the joint directly, but the ESB tendon spans the right
joint via a free pulley and then drives the left joint.
As a result, the extension of elastic element PE is dependent on the configuration of
both joints, and the tendon produces a torque on both joints. Selection of the pulley
radii ratio and stiffness value allows to shape the torque profile as a function of both
joint configurations and pretension value.
Driven
joint
Power Branch (PB) Energy Storage Branch (ESB)
Spanned
joint
FIGURE 8.1: Actuation concept - Biarticulated configuration.
As a proof-of-concept to demonstrate the effectiveness of our methods, we consider
a 2-DoF leg model with properties similar to the 1-DoF prototype considered in
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Chapter 7. Both DoFs are actuated and experience viscous friction. We consider
the foot to be in good contact, so that it can be considered fixed. We elaborate on this
leg model in the next Section.
8.2 Dynamics Modelling
In the following, we opted for a modular modelling approach, for simulation pur-
poses: this allows to quickly test a variety of actuation arrangements.
8.2.1 Leg Modelling
FIGURE 8.2: 2-DoF leg model.
The leg model (Fig. 8.2) consists of two links of length l, mass m1,m2, and rota-
tional inertiae J1, J2, connected by an actuated knee joint. On the hip there is a load
mass m3 with rotational inertia J3. The lower link pivots around the ground contact
through the actuated ankle joint, resulting in a 2-DoF system with 2 inputs. Both
joints are damped by viscous friction with coefficients d1, d2. The dynamics of this
model are described by
q̈ = M(q)−1 [τ + G(q)−Dq̇] (8.1)
where [q1, q2]T =: q ∈ Q ⊆ <2 denotes the configuration variables as in Fig. 8.2,
τ ∈ <2 denotes the actuator torques, the damping matrix D = diag(d1, d2) denotes
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joint friction, and G(q) ∈ <2 denotes the generalised gravitational torque:
G(q) = J(q)TGc (8.2)
where J(q) denotes the system Jacobian and the gravitation vector Gc is given by
Gc = [0,−m1g, 0, 0,−m2g, 0, 0,−m3g, 0]T (8.3)
and g = 9.81 m/s2. In all notation, ˙[.] denotes the time derivative and [.]T denotes
the transpose. We ignore the centripetal and Coriolis forces. The generalised inertia
matrix M(q) ∈ <N×N is given by
M(q) = JT (q)McJ(q) (8.4)
with the nominal inertia matrix Mc defined as
Mc = diag (m1,m1, J1,m2,m2, J2,m3,m3, J3) . (8.5)
8.2.2 Biarticulated Configurations
In Chapter 7, the actuator modelling for monoarticulated configurations was pre-
sented for the 1-DoF prototype considered there. In this section, we extend the mod-
elling to biarticulated configurations, for which the abbreviated actuator model is
shown in Fig. 8.3. Here joint i is driven and the ESB tendon spans joint j. In this
case, the elongation of the ESB elastic element is given by both joints:
∆Lp = p− rb,iqi − rb,jqj (8.6)
and the tendon generates torque on both joints. Compared to the monoarticulated
formulation in Chapter 7, the input vector (7.11) now becomes u = [v1, v2, q̇b]
T ,
where q̇b = [q̇i, q̇j ]
T denotes the vector of joint velocities. The net joint torques in
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biarticulated configuration are given by:
τi = τb,i + τPB,i
τj = τb,j (8.7)
where the ESB torques are τb,i = rb,iFp and τb,j = rb,jFp, and τPB,i denotes the PB
torque on the driven joint i.
Power Branch (PB)







FIGURE 8.3: Actuator model - Biarticulated configuration driving
joint i with the ESB tendon spanning joint j.
8.3 Optimisation of Design Parameters
This section introduces an optimisation method to select the design parameters of
the Energy Storage Branches. Based on the gravitational load, stiffness, and iner-
tial properties, the actuation parameters can be chosen such that the ESBs provide
maximum load compensation for higher energy efficiency and reduction of peak
torque/power requirements.
By considering pulley radii, elastic element stiffnesses and pretension positions, we
introduce an optimisation procedure that maximises compensation torque provided
by the ESBs over the N-DoF workspace. We first describe a reduction of the number
of parameters for the mono- and biarticulated actuation cases. Next we elaborate
on the actuation configurations and introduce optimisation problem. This section
concludes with results for the leg actuation configurations.
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8.3.1 Monoarticulated Joints
Assuming low velocity movements of the leg, the damping of the elastic element PE
can be neglected and its torque written in the following linear form for the monoar-
ticulated case:
τm = ϕ1 + ϕ2q (8.8)
where τm denotes monoarticulated ESB torque and ϕ1 = −rkpp and ϕ2 = −r2kp.
Given optimal values ϕ1,opt and ϕ2,opt, then kp and p can be parametrised with re-








Hence, the number of parameters for this monoarticulated ESB is reduced from 3 to
2.
8.3.2 Biarticulated Joints
Similarly to the monoarticulated case, the biarticulated ESB torque τb,i, τb,j generated
on joints i and j (Fig. 8.3) can be written as
τb,i = ϕ3ϕ5 − ϕ23qi − ϕ3ϕ4qj ,





kprb,j , and ϕ5 =
√
kpp. Given optimal values ϕ1,opt,
ϕ2,opt and ϕ3,opt, then rb,j , kp and p can be parametrised with respect to a chosen














Similarly, the number of parameters of the biarticulated ESB is reduced from 4 to 3.
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8.3.3 2-DoF Leg Actuation Configurations
We consider three actuator configurations for the 2-DoF leg, shown in Fig. 8.4. In
Fig. 8.4a, we consider both joints to be actuated by only the Power Branch, i.e. with




FIGURE 8.4: Leg actuation configurations: SEA (a), mono- (b) and
biarticulated (c). In (b), ankle and knee are monoarticulated. In (c),
the biarticulated ESB spans the knee and ankle joints.
Shown in Fig. 8.4b is the second configuration, in which both joints are driven by a







For this configuration, there are 6 parameters for the ESB branches: the pulley radii
r1, r2, stiffnesses kp,1, kp,2, and pretension positions p1, p2. Following Sec. 8.3.1, these
can be rewritten into 4 parameters as ϕ = [ϕ1, ϕ2, ϕ3, ϕ4] where ϕ1, ϕ2 describe the
ankle ESB and ϕ3, ϕ4 describe the knee ESB.
Shown in Fig. 8.4c is the third configuration, in which the knee joint is actuated by a
PB and a monoarticulated ESB, and the ankle is actuated by a PB and a biarticulated
ESB which spans both the knee and ankle joint, as in Fig. 8.3. This configuration is
equal to the gastrocnemius muscle in humans, which connects the hip bone to the
heel bone, spanning both the knee and ankle joints. This configuration was chosen
because it allows a power transfer from knee extension to foot push-off, thus aiding
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in squatting motions and providing increased foot push-off power during walking,










Due to the additional free pulley required for spanning the knee joint, there are 7 ESB
parameters in this configuration: the pulley radii rb,1, rb,2, r2, stiffnesses kp,1, kp,2 and
pretension positions p1, p2. Using Sec. 8.3.1 and 8.3.2, these can be rewritten into 5
parameters as ϕ = [ϕ1, ϕ2, ϕ3, ϕ4, ϕ5] where ϕ1, ϕ2, ϕ3 describe the biarticulated ESB
and ϕ4, ϕ5 describe the monoarticulated ESB.
The conventional SEA configuration does not require any ESB parameters. In the
other two cases, we would like to find the value of ϕ that minimises the error
between the ESB torques and some desired torque functions over a subset of the
workspace of the leg. In the next section, we proceed to formulate this optimisation
problem.
8.3.4 Optimisation Problem
To optimise the ESB parameter vector ϕ, we first define the error vector e(q) ∈ <N
for N joints as
e = ζ(q) + τ p(q) (8.14)
where τ p(q) denotes the ESB torques on the joints, which can be composed of an
arbitrary mono- or biarticulated configuration. For simplicity, we consider the sys-
tem to be fully actuated. The function ζ(q) denotes the vector of desired torques.
Here we shall consider static gravitational joint torque compensation: ζ(q) = G(q).
For highly dynamic behaviour known at design time, ζ may include inertial and
damping components for efficient execution of those motions. Some authors have
performed design optimisation to increase energy efficiency for systems with pre-
planned trajectories (e.g. [43]). However, we consider general-purpose systems for
which the desired motions are not known at design time.
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‖λ e(q,ϕ)‖2 dq, (8.15)
where λ ∈ <N×N is a diagonal matrix that allows to weigh some joints more than
others (here λ = I), and Qd ⊂ Q is a subset of the joint workspace on which to opti-
mise and depends on the specific robot. Using the l2-norm approximates minimising
the electrical power consumption directly, as the electrical power of a Brush-Less Di-
rect Current (BLDC) motor can be approximated (neglecting electrical dynamics) by
its squared torque. An optimal solution ϕopt minimises E:
ϕopt = minϕ
E(ϕ)
s.t. ϕ ≤ ϕ ≤ ϕ (8.16)
where ϕ and ϕ denote the lower and upper bounds of ϕ respectively. Note that
due to the redundancy in the original parameters, the choice of the free parameters
should be such that the bounds on the original parameters are not violated.
For the cases in Sec. 8.3.3, the globally optimal value can be easily found by choos-
ing realistic initial values and standard optimisation algorithms. However, due to
the two (monoarticulated) or three (biarticulated) parameters corresponding to each
actuated joint, we have dim(ϕ) ≥ 2N for N joints. Thus, when N becomes large,
solving for ϕopt by minimising (8.15) becomes infeasible. However, realising that
each parameter affects only one or two (in the biarticulated case) joints, the problem
can be partitioned into multiple smaller optimisation problems which are solved
for a partition of the complete parameter vector. In the following section we shall
discuss the partitioned case.
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8.3.5 Partitioning
Let ec ⊂ e denote the subset of errors and ϕc ⊂ ϕ the corresponding parameters of
the joints belonging to the partition, where the superscript [.]c denotes the partition-




‖λc ec(q,ϕc)‖2 dq. (8.17)
Note we are still required to integrate over ∀q ∈ Qd, as even though the actuation is
decoupled, the joint load still depends on the configuration of all joints. The param-
eters in the partition can then be optimised by minimising Ec:
ϕcopt = minϕc
Ec(ϕc)
s.t. ϕc ≤ ϕc ≤ ϕc (8.18)
where ϕc and ϕc denote the lower and upper bounds of the partitioned parameters
ϕc respectively.
For the monoarticulated case (shown in Fig. 8.4b) the problem can be partitioned as
ϕc1 = [ϕ1, ϕ2] and ϕ
c
2 = [ϕ3, ϕ4], i.e. the parameters of each joint can be optimised
separately, reducing the problem to two independent one-dimensional line fitting
problems. Hence, using appropriate partitioning, the parameters for structures with
many joints can be optimised.
8.3.6 2-DoF Leg Parameters
To select the actuation parameters, we consider that the hip is loaded with an addi-
tional 40 kg of weight, simulating the weight of a humanoid robot standing on both
legs. To obtain the optimisation workspace Qd, we define a mapping from polar
coordinates of the hip to the joint variables as Γ : (β, r) → q, where β, r denote the
polar angle and radius, chosen −0.4 ≤ β ≤ 0.2 and l ≤ r ≤ 2l (Fig. 8.5), thereby
covering the entire feasible workspace of the hip above the stance foot. The optimal
parameters are listed in Table 8.1.
8.4. Control Strategy 105
FIGURE 8.5: The workspace subset Qd on which the ESB actuation
parameters are optimised.
Monoart. Value Biart. Value
r1, r2 0.060 m (chosen) rb,1, r2 0.060 m (chosen)
rb,2 0.035 m
kp,1 7.69 kN/m kp,1 69.4 kN/m
kp,2 16.4 kN/m kp,2 14.7 kN/m
TABLE 8.1: Optimal ESB parameters for 2-DoF leg.
8.4 Control Strategy
The proposed architecture to control the joint variables is shown in Fig. 8.6. An
outer loop tracks position references on the joint variables q using a PD controller
with gravity compensation. The resulting desired joint torques τ ∗ are given by:
τ ∗ = −G(q) +Kq [eq +Dqėq] (8.19)
where eq = q∗−q ∈ <N denotes the joint variable errors, G again denotes the grav-
itational torques and Kq, Dq ∈ <N×N denote diagonal control gain matrices. The
actuator control, presented next, is designed to be agnostic with respect to the outer
control loop. For example, the desired joint torques can also result from advanced
whole-body control schemes. Indeed, the actuator control simply tracks the desired
joint torques in an energy efficient manner.
In the actuator control strategy, the desired joint torques τ ∗ are distributed among
the PB and ESB controllers, as shown top left in green in Fig. 8.7:
• The desired PB torques are calculated by subtracting the measured ESB torques
from the desired joint torques: τ ∗PB = τ
∗ − τ p.
• The desired ESB torques are calculated in terms of torque generated on the
















FIGURE 8.6: Control Architecture.
driven joints as τ ∗p,d. We first define τ s, consisting of the measured torques
on spanned joints from biarticulated ESBs (e.g. the torque on the knee by the
biarticulated ESB in Fig. 8.4c, where τ s = [0, τb,2]T ). We then obtain the desired
ESB torques as τ ∗p,d = τ































FIGURE 8.7: Reference torque distribution (green), PB torque control
(blue) and ESB pretension control (red).
Given the pretension-torque relations for the ESBs, it is straightforward to calculate
pretension positions p that achieve desired joint ESB torques. However, the result-
ing pretension positions depend linearly on the joint positions q, corresponding to a
certain elongation of the elastic elements. Since there is unavoidable high-frequency
behaviour in the joint variables, this would require high-frequency pretension posi-
tion control to track the desired torques exactly. This is not desirable behaviour given
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the relatively low bandwidth and the high transmission ratio of the ESB actuation.
Hence, we consider a control strategy in which the low-frequency components are
tracked, and use the high bandwidth of the PBs to ensure the desired joint torques
τ ∗ are achieved by the net torque from both contributions: τ p + τPB ≈ τ ∗.
This section will detail the PB torque control and ESB pretension control strategies.
The architecture requires only motor and joint encoders and ESB load cell measure-
ments. The resulting desired motor torques τ ∗M1 and τ
∗
M2 are used as references by
low-level motor current controllers.
8.4.1 PB torque control
To achieve desired joint PB torques, we exploit the flexible torsional transmission as
both a force regulating and measuring element. By controlling the motor-side vari-
ables and using a model of the torsional transmission, we achieve link-side torque






PB + q (8.20)
where KPB ∈ <N×N denotes the diagonal matrix of PB stiffnesses. We then control
the M1 torques using a position control with compensation scheme (blue block in
Fig. 8.7):
τ ∗M1 = r
−1
1 τ̂PB +Km [em +Dmėm] (8.21)
where em = θ∗1 − θ1 ∈ <N denotes the motor position errors, and Km, Dm ∈ <N×N
denote diagonal control gain matrices. The compensation term τ̂PB ∈ <N , which
is scaled by the Harmonic Drive transmission ratio, consists of the PB torques, es-
timated from the measured deflections: τ̂PB = KPB (θ1 − q) where [̂.] denotes the
estimated variables, since we neglect the damping components.
8.4.2 Pretension Control
Recalling (8.8) and solving for p, we can calculate the pretension position popt that
achieves a desired monoarticulated ESB torque τ∗m given the joint position q. This
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results in
popt = rq + η2τ
∗
m (8.22)
where η2 = (rkp)−1. In the biarticulated case (8.10) with a driven joint i, spanned
joint j, and desired driven joint torque τ∗b,i this results in
popt,i = rb,iqi + rb,jqj + η3,iτ
∗
b,i (8.23)
where rb,i and rb,j denote the pulley radii at joints i and j, and η3,i = (rb,ikp,i)−1
denotes the pulley radius and ESB stiffness parameters for the driven joint. Using
(8.22) and (8.23), we construct the vector function popt(q, τ ∗p,d) ∈ <N that calculates
the vector of pretension positions that produce desired ESB torques for our chosen
actuator configuration.
As noted before, we choose to track the low-frequency components of each element
of popt. We write this as p̃opt, where [̃.] denotes low-pass filtering. This structure
ensures that in steady state p̃opt → popt, such that τ p → τ ∗ which means all torque is
generated by the ESBs, resulting in the most energy efficient steady-state operation.
The Low-Pass Filters (LPFs) (LPF blocks in Fig. 8.7) have a cut-off frequency of
0.03 Hz. To avoid slack in the compliant elements due to lag resulting from filtering,
we calculate zero pretension positions (positions where ∆Lp = 0 for all ESBs) as
pzp(q) = popt(0,q), and define the vector of pretension reference positions p∗ =
[p∗1, . . . , p
∗
N ]
T ∈ <N as
p∗i = max (p̃opt,i, pzp,i) , i = 1 . . . N. (8.24)
The pretension positions are then controlled by applying position control with com-
pensation (red block in Fig. 8.7):
τ ∗M2 = η
−1
4 τ p +Kp [ep +Dpėp] (8.25)
where ep = p∗−p ∈ <N denotes the pretension position errors, andKp, Dp ∈ <N×N
denote diagonal control gain matrices. The compensation term η−14 τ p consists of the
measured ESB torques reflected to the motors, where the diagonal matrix η4 ∈ <N×N
8.5. Results 109
denotes the transmission ratios from ESB torque to M2 motor torque.
8.5 Results
We performed simulation studies to systematically analyse the effectiveness of the
proposed design and control methods in Sec. 8.3–8.4. We compare the three actua-
tion configurations discussed in Sec. 8.3.3, by performing an ellipsoid motion (Fig.
8.8) with the hip above the foot, to effectively utilise the range of motion of this
2-DoF system.
















FIGURE 8.8: One period of the joint references.




 αx sin(ωt) + βx
αy sin(ωt+ π/2) + βy
 , (8.26)
where αx = 0.3l m, αy = 0.4l m, ω = π/2 rad/s, βx = 0.15l m, and βy = 1.45l m.
We use electrical energy consumption as our energy efficiency metric, since this is
often the factor that limits the autonomous operation of mobile robotic systems due
to battery constraints. We do so by calculating the total (PB+ESB) actuator power
of ankle (PA1) and knee (PA2), as well as their sum P . Simulations were performed
in MathWorks MATLAB R2013b Simulink with the ode45 variable-step solver with
absolute and relative tolerances of 1e-8.
No ESB
In the conventional SEA configuration we observe a total electrical power consump-
tion of 385.8 W, most of which is used by the knee actuator (Fig. 8.9g), due to very
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large gravitational load containing a large DC component of ≈100 Nm, as observed
in Fig. 8.9m.
Monoarticulated Configuration
In the monoarticulated configuration, the gravitational loading is largely compen-
sated by the ESBs (Fig. 8.9k, 8.9n). The torque generated by the PBs converges to a
zero mean, demonstrating the DC component is completely generated by the ESBs.
This results in improved tracking performance and an electrical power consumption
of 91.0 W (Fig. 8.9h), approximately 4 times smaller than without ESB.
Biarticulated Configuration
The biarticulated actuation utilises the ESBs to generate the desired torques to an
even larger extent. The biarticulated ESB extends by both knee extension and dor-
siflexion. Thus, moving the hip forward and extending the leg naturally generates
torque on the ankle, as observed in Fig. 8.9l, where the ankle torque is generated
to a greater extent by the biarticulated ESB compared to the monoarticulated case.
Due to the unidirectionality of ESBs, the negative joint torques are generated by the
PB. Furthermore, the contribution of the combined ESB torques on the knee is also
increased compared to the monoarticulated case, as observed in Fig. 8.9o.
This human-inspired configuration shows further reduced electrical power consump-
tion of 24.7 W (Fig. 8.9i), over 15x smaller than without ESB and 3.7x smaller than
the monoarticulated configuration. In both cases, the peak power requirements are
also significantly reduced.
As additional verification, we studied randomly generated motions. Compared to




In this Chapter, the design concepts and control structure of our Asymmetric Com-
pliant Actuation (ACA) concept were generalised and extended to multi-DoF robotic
systems. Furthermore, the concept of biarticulated actuation structures was ex-
plored as an alternative to purely monoarticulated configurations.
Extensive simulation studies of our methods on a 2-DoF leg as proof of concept ef-
fectively demonstrated significant improvements in energy efficiency and tracking
accuracy, compared against conventional Series-Elastic Actuation found on many
robotics systems. Notably, compared to SEA, the monoarticulated case required 4-
10x less energy and the biarticulated case required over 10-25x less energy. Further-
more, peak electrical power requirements were greatly reduced. Systems that use
these concepts can therefore be designed with smaller, lighter, more efficient main
actuators, further increasing their performance.
The addition of a secondary actuation branch requires additional components; how-
ever, these secondary components can be implemented in a small and lightweight
manner due to the high transmission ratio. As in Chapter 7, the elastic elements
can be implemented using lightweight natural rubber to achieve very large energy
storage to weight ratio. The increase in energy efficiency greatly offsets the small
increase in weight and complexity. Given these very promising results we believe
the ACA concept can contribute to improved energy efficiency of many systems in
the robotics field.
The work presented in this Chapter provides the necessary guidelines to build new
hardware that utilises these concepts. The developed methods are applied to the
design of a 3-DoF prototype leg in the next Chapter.
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q1 PB angle θ1
(A) No ESB: Ankle q1 tracking.














q1 PB angle θ1
(B) Monoarticulated: Ankle q1 track-
ing.














q1 PB angle θ1
(C) Biarticulated: Ankle q1 tracking.













q2 PB angle θ1
(D) No ESB: Knee q2 tracking.













q2 PB angle θ1
(E) Monoarticulated: Knee q2 tracking.













q2 PB angle θ1
(F) Biarticulated: Knee q2 tracking.




















PA1 filt. (68.1 W end)
PA2 filt. (317.7 W end)
P filt. (385.8 W end)
(G) No ESB: Motor power.




















PA1 filt. (39.0 W end)
PA2 filt. (52.0 W end)
P filt. (91.0 W end)
(H) Monoarticulated: Motor power.





















PA1 filt. (7.3 W end)
PA2 filt. (17.4 W end)
P filt. (24.7 W end)
(I) Biarticulated: Motor power.


















(J) No ESB: Ankle (q1) torques.





















(K) Monoarticulated: Ankle (q1)
torques.




















(L) Biarticulated: Ankle (q1) torques.


















(M) No ESB: Knee (q2) torques.




















(N) Monoarticulated: Knee (q2)
torques.



















(O) Biarticulated: Knee (q2) torques.
FIGURE 8.9: Simulation results. Left column: without ESB (conven-
tional SEA), middle column: monoarticulated configuration, right
column: biarticulated configuration. The filt. variables denote av-
erages over the period (2π/ω = 4.0 s).
113
9
Design of a 3-DoF Leg with Series
& Parallel Compliant
Actuation
This Chapter presents the development of a 3-DoF leg with series and parallel com-
pliant actuation, building on the methods for design optimisation of multi-articulated
compliant actuation structures for articulated robots developed in Chapter 8. As
in the previous Chapter, series-elastic main actuators are combined with parallel
high efficiency energy storage branches, to substantially improve energy efficiency.
The leg design is semi-anthropomorphic, with similar mass and mass distribution
to the human limb, and includes a biarticulated actuation configuration. The paral-
lel branches driven by secondary motors for adjustable pretension, and their design
parameters are optimised. The mechanical design of the prototype leg is presented,
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introducing details of the actuation configuration principles employed. Prelimi-
nary experimental data are presented, in which a baseline series-elastic-only con-
figuration is compared with configurations with mono- and biarticulated parallel
branches, respectively. The results effectively demonstrate the concept’s potential,
showing improvements of 53% and 60% in electrical power consumption while the
leg is executing loaded cyclic motion profiles.
This Chapter is structured as follows. Sec. 9.1 describes the chosen actuation config-
urations and realised 3-DoF leg design, followed by design parameters optimisation
in Sec. 9.2. Initial experimental studies are presented and data are analysed in Sec.
9.3. Lastly, Sec. 9.4 concludes with a discussion of the results.
9.1 Semi-anthropomorphic Leg Design
9.1.1 Concept & Actuation Configurations
For the design of the 3-DoF leg presented in this work inspiration was taken from
the human lower limb. To achieve this, the dimensions and mass distribution of
the human limb were investigated, and compared with those of existing humanoid
designs such as WALK-MAN [2]. Based on these values, target specifications for
dimensions and segment weight were set for the design, as given in Table 9.1. We
opted for a leg size slightly under average human size, and aimed for mass not
exceeding the human limb, and with similar mass distribution. This results in a
semi-anthropomorphic design corresponding to a ≈1.50 m humanoid.
The initial design sketches are shown in Fig. 9.1. The design features three actuated
degrees of freedom: ankle, knee and hip. The joints are driven by series-elastic actu-
ators, which for the knee and ankle are mounted above the joints and transmit their
forces through four bar linkages. This decreases the leg’s moment of inertia with
respect to the hip joint. The trunk is loaded with a weight representative of a full
humanoid robot.
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Length [m] Mass [kg]
Human male Thigh 0.406 7.88
(1.75 m, 75 kg, [70]) Shank 0.432 3.38
Foot 0.026 1.13
WALK-MAN [2] Thigh 0.356 5.1
Shank 0.400 5.7
Foot 0.143 3.3
Our robot Thigh 0.350 2.79, 3.60, 4.24
(goal: < 7.50)
Shank 0.350 3.08, 3.91, 3.20
(goal: < 3.50)
Foot 0.063 1.70
TABLE 9.1: Dimensions and mass distribution of the human lower
limb [70], the humanoid WALK-MAN [2] (excluding yaw/roll joints)
and design parameters for the robot presented in this Chapter. Note
the foot dimension is height, not length. Mass values for our robot
given as SEA only, monoarticulated, and biarticulated configurations,
respectively.
Three actuation configurations were considered, to show both the potential of our
proposed actuation concept as well as investigate the effectiveness of biarticulated
actuation configurations. Shown in Fig. 9.1, the three concepts are as follows:
1. SEA only: In the first configuration all joints are driven exclusively by SEAs,
to serve as a baseline actuation arrangement which is common in most state-
of-the-art articulated robot designs.
2. Monoarticulated: In the second configuration the ankle and knee joints are
augmented with a secondary parallel actuation branch.
3. Biarticulated: The third configuration again features two joints with parallel
actuation branches, however in this case one of the Energy Storage Branches
is biarticulated: The ESB for the ankle spans the knee joint and is driven by a
motor on the back of the thigh. This tendon spanning both the knee and ankle
joints is functionally similar to the gastrocnemius muscle in humans, which
allows power transfer from the knee to the ankle joint upon extension.
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FIGURE 9.1: Concept drawings of the 3-DoF leg in SEA-only, monoar-
ticulated, and biarticulated actuation configurations. Series-elastic
Power Branch (PB) actuation is shown in blue, and the parallel En-
ergy Storage Branches (ESBs) are shown in red.
9.1.2 Realised Design
Based on the goal design parameters and simulation studies, a hardware realisation
was developed. Fig. 9.2 shows the design in CAD in all three actuation configura-
tions. Note that the trunk link is 43 cm in length to provide ample space for loading
the leg. Fig. 9.3 shows the realised prototype, with important components high-
lighted.
The ESB drive units can be quickly mounted and dismounted from the leg, to allow
for fair comparison between the different configurations. From Table 9.1 it can be
observed that despite the relatively low mass of the ESB units, the different configu-
rations result in significantly different mass distributions between thigh and shank
segments. The desired< 3.50 kg mass for the shank is not achieved in the monoartic-
ulated configuration. The biarticulated configuration has a mass distribution which
is closer to the human limb. The foot has slightly more mass than the human equiv-
alent; we have initially opted for a somewhat wide foot, as the robot is planar but
not constrained to the sagittal plane. Furthermore, the foot is instrumented with a
6-DoF force-torque sensor.
Three identical medium-sized SEAs [14] are used, consisting of Kollmorgen TBMS-
6025 motors and 80:1 CPL-20 Harmonic Drive gearboxes, in series with custom pla-
nar flexure elements with stiffness of approx. 5800 Nm/rad. The units can provide

























FIGURE 9.2: CAD: SEA-only, mono- and biarticulated configurations.
peak torque up to 127 Nm and provide torque sensing through deflection measure-
ments of the elastic elements. They feature an integrated design with power and
EtherCAT communication electronics mounted directly on the actuator.
The ESBs are driven by Maxon EC22 motors with 53:1 gearboxes, in series with ball
screws with 5 mm pitch. The ball screw nuts are instrumented with strain gauges
for direct linear force measurement. Due to the combined transmission ratio of the
reduction gearbox and ball screw, the torque requirement on the ESB motor is small,
resulting in a high efficiency drive. The main requirement for the ESBs is to store a
large amount of potential energy. To achieve this we utilise rubber-type elastic cords.
The cords are constructed from a number of elastic strands enclosed inside a woven
braided cotton sheath. The high required stiffness of the biarticulated ESB tendon


























FIGURE 9.3: Realised prototype.
warrants the use of a short elastic element; therefore, a steel tendon is used in series
with the element.
9.2 Optimisation of Design Parameters
We optimise the actuation parameters of the leg prototype using the method pro-
posed in Chapter 8. The relevant ESB parameters for both configurations are shown
in Fig. 9.4. The optimisation procedure considers pulley radii r◦p,◦, elastic element
stiffness values k◦p,◦, and pretension positions p◦◦ as optimisation variables. The op-
timisation workspace is chosen as the subset of the joint workspace that keeps the
center of pressure within the foot support polygon, i.e. all statically stable standing
configurations on flat ground, and respecting joint limits. We set the hip joint q3
such that the trunk is in a vertical configuration for each pose: q3 = −(q1 + q2). The
resulting joint space configurations are shown in Fig. 9.5.
The optimal ESB design parameters resulting from this procedure are listed in Table
9.2. A significantly higher optimal stiffness of the ankle tendon can be observed in
the biarticulated configuration. This originates from the fact that as the leg squats
down and the ankle flexes, the knee also flexes, which reduces the net elongation






























FIGURE 9.5: Optimisation joint workspace for (q1, q2). On the left
plot, the dashed black lines denote the joint limits. The right plot
shows the Cartesian coordinates of the hip w.r.t. the ankle joint.
of the tendon. The smaller elongation warrants a higher stiffness to produce the
desired ankle torque.
9.2.1 Choosing Rubber-type Elastic Cords
From the optimised ESB stiffness values in Table 9.2, rubber elastic cords were se-
lected. As their stiffness is defined in percentage elongation from rest length, this
posed an interesting challenge: selecting the cords such that they simultaneously:
1. fit the space constraints;
2. do not exceed a maximum 80% elongation;
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Monoart. Value Biart. Value
rmonop,1 0.07 m (chosen) r
bi
p,1 0.07 m (chosen)
rmonop,2 0.06 m (chosen) r
bi
p,2 0.035 m
rbip,3 0.06 m (chosen)
kmonop,1 5.9 kN/m k
bi
p,1 32 kN/m
kmonop,2 8.6 kN/m k
bi
p,2 8.6 kN/m
pmono1 0.00 m p
bi
1 0.00 m
pmono2 0.00 m p
bi
2 0.02 m
TABLE 9.2: Optimised ESB Design Parameters.
3. provide the desired stiffness.
Rubber-type material typically has an S-shaped stiffness profile, in which the force
initially increases rapidly, and then increases more slowly up to roughly 70-80%
elongation, at which point it rises quickly again. Manufacturer data was linearised
in the 0-80% elongation range, and diameters and rest length were chosen such that
less than 10% error from the optimal values in Table 9.2 was achieved. The S-shaped
profile will result in some overcompensation at small ESB elongation, but this may
be compensated for by control.
9.3 Experimental Results
This Section presents initial experimental results, that effectively illustrate the po-
tential of the prototype and actuation principles. An elliptical squatting motion was
performed on all three actuation configurations, consisting of an elliptical Cartesian
trajectory of the hip, defined w.r.t. the position of the ankle joint. The joint references
were calculated from inverse kinematics, with the trunk link kept vertical. In these
preliminary experiments, the main actuators were used in position control mode,
with the ESB pretension positions held constant. The hip reference and experimen-
tal trajectories are shown in Fig. 9.6, and tracking errors, torque contributions and
linear tendons forces are shown in Fig. 9.7. In the latter Figure, the left, middle and
right columns contain data for the conventional SEA, monoarticulated, and biartic-
ulated configurations, respectively. Dashed lines denote RMS SEA torques, over the
5.0 s motion period.
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As can be observed from Fig. 9.7a–9.7f, bias in the joint tracking errors due to
gravitational loading is significantly reduced in the monoarticulated and biarticu-
lated cases, indicating that the actuators spend less power cancelling gravitational
torques, and improving tracking accuracy for this simple position control. The dif-
ferences in tracking accuracy result in slightly different pose of the leg over time,
as indicated by the Cartesian trajectory of the hip, shown in Fig. 9.6. This in turn
changes the loading of each joint and the elongation of the elastic elements, as can
be observed in Fig. 9.7g–9.7l. Furthermore, the current required by the ESB mo-
tors to hold the pretension positions of the parallel elements was verified negligible
compared to the reduction in power requirements from the SEAs.
FIGURE 9.6: Cartesian hip reference (w.r.t. ankle joint) and resulting
trajectories for all three configurations, following from the joint track-
ing performance shown in Fig. 9.7a–9.7f.
The torque measurement results demonstrate a number of key advantages of the
parallel actuation design:
1. In both cases with ESBs, the ESBs significantly reduce the RMS SEA (PB) torques
for both the ankle and knee joints, shown as dashed lines in Fig. 9.7g–9.7o. This
results in significantly lower power consumption. These results are presented
in Table 9.3, together with the electrical power consumption, calculated using
actuator models. We consider only positive (i.e. delivered) electrical power, as
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No ESB Mono. Bi.
Ankle [Nm RMS] 24.0 24.8 13.7 ↓
Knee [Nm RMS] 55.3 25.8 ↓ 25.4 ↓
Hip [Nm RMS] 4.9 7.7 6.8
Ankle [Nm peak] 36 48 27 ↓
Knee [Nm peak] 89 45 ↓ 40 ↓
Hip [Nm peak] 8 14 12
Ankle [W] 2.7 1.1 2.6
Knee [W] 30.0 14.2 ↓ 9.5 ↓
Hip [W] 0.4 0.1 1.1
Total electrical power [W] 33.1 15.4 ↓ 13.2 ↓
Improvement – 53% 60%
TABLE 9.3: RMS and peak SEA torques and electrical power con-
sumption over the motion period of 5.0 s. Note we consider only
positive (i.e. delivered) electrical power, as there is no recuperation
mechanism.
negative power is lost as there is no recuperation mechanism. The monoartic-
ulated configuration obtains a 53% improvement in power consumption, and
the biarticulated configuration obtains a 60% improvement.
2. The biarticulated tendon excerts torque on the ankle joint (Fig. 9.7i) at more ap-
propriate timing than the monoarticulated ankle tendon (Fig. 9.7h), resulting
in a decrease in torque required by the SEA, whereas in the monoarticulated
configuration it effectively has to ’work against’ the ESB elastic element for part
of the motion. This is due to the extension of the biarticulated element being
a function of both ankle and knee angles, in the same way their configuration
changes the ankle loading.
3. In this instance, the biarticulated tendon has a counterproductive effect on the
required knee SEA torques (Fig. 9.7l), as the pretension of the monoarticulated
knee tendon was not increased sufficiently to counteract the biarticulated ten-
don torque, which flexes the leg. This highlights the need for an appropriate
control strategy that adjusts the pretension of the parallel tendons.
These results are in line with expectations based on the simulation study of a 2-DoF
leg presented in Chapter 8.
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9.4 Conclusions
This Chapter has presented the concept, design, and actuation parameters optimisa-
tion of an original 3-DoF compliant leg prototype that utilises both series and parallel
compliant actuation, with the aim of increasing energy efficiency. Furthermore, the
realised hardware prototype was presented together with preliminary experimental
results. The results show impressive improvements in terms of torque requirements
of the main actuators, resulting in significant improvements in power consumption.
As suggested in Chapter 8, these reduced torque requirements also allow to choose
smaller, lighter, more efficient SEAs, further improving their overall performance.
The development and realisation of the presented prototype was challenging. While
these first results are very promising, some mechanical revisions are still in progress.
Furthermore, only position control was used, together with fixed pretension posi-
tions of the parallel branches. Implementation of an integrated control strategy such
as was used in Chapters 7 and 8, actively utilising both parallel actuation branches
together in a torque-controlled manner, is currently underway. The next Chapter
presents a more advanced type of control for the parallel branches, which will also
be applied to this novel hardware.
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(A) No ESB: Joint tracking.

















(B) Monoarticulated: Joint tracking.

















(C) Biarticulated: Joint tracking.














(D) No ESB: Tracking errors.














(E) Monoarticulated: Tracking errors.














(F) Biarticulated: Tracking errors.











(G) No ESB: Ankle (q1) torques.













(H) Monoart.: Ankle (q1) torques.













(I) Biarticulated: Ankle (q1) torques.













(J) No ESB: Knee (q2) torques.















(K) Monoart.: Knee (q2) torques.

















(L) Biarticulated: Knee (q2) torques.










(M) No ESB: Hip (q3) torques.










(N) Monoart.: Hip (q3) torques.










(O) Biarticulated: Hip (q3) torques.
No ESB tendons.













(P) Monoart.: Linear tendon forces.













(Q) Biart.: Linear tendon forces.




This Chapter focuses on the model formulation and control of compliant actua-
tion structures including multiple branches and multi-articulation for articulated
robots, such as the Energy Storage Branchs (ESBs) used throughout Chapters 7, 8,
and 9. It significantly contributes by proposing an elegant modular formulation
that describes the energy exchange between the compliant elements and articulated
multi-body robot dynamics using the concept of power flows and a single matrix
that describes the entire actuation topology. Using this formulation, a novel gradi-
ent descent based control law is derived for torque control of compliant actuation
structures with adjustable pretension, with proven convexity for arbitrary actuation
topologies. Extensions towards handling unidirectionality of elastic elements and
joint motion compensation are also presented.
A simulation study is performed on the model of the 3-DoF prototype leg presented
in Chapter 9, by considering the pretension control of the ESB parallel compliance in
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the mono- and biarticulated configurations. The data demonstrate the effectiveness
of the proposed modelling and control methods. Furthermore, it is shown the biar-
ticulated topology provides significant benefits over the monoarticulated arrange-
ment.
This Chapter is structured as follows. Sec. 10.1 builds up the proposed model formu-
lation, starting at single-joint, single-branch systems and expanding into multi-DoF,
multi-actuator systems with multi-articulation. The proposed control strategies and
an illustrative example in are elaborated on in Sec. 10.2. The simulation study to
validate the proposed methods is presented in Sec. 10.3, followed by concluding
remarks in Sec. 10.4.
10.1 Compliant Actuation
In general, the torque τ generated on a single joint with configuration q by a single
compliant tendon can be written as
τ(q) = −k n (p+ n q), (10.1)
where k denotes the linear tendon stiffness, n denotes the transmission ratio, and p
denotes the pretension position, or the position where element is at rest length. The
sign of n indicates the direction of q that increases the elongation of the tendon. The
elongation ∆ of the element is thus given by
∆ = p+ n q. (10.2)
In implementations of elastic elements with high energy storage, unidirectional ele-
ments are often used, such as those constructed of natural rubber, usable in elonga-
tion and not in compression. For those, the torque is thus dependent on the sign of
∆:
τ(q) =
 −k n∆ ∆ > 00 Otherwise. (10.3)
10.1. Compliant Actuation 127
We will explicitly take this property into account in the synthesis of our control
strategies in Sec. 10.2.
10.1.1 Adjustable Parallel Compliance
While parallel compliance can provide many benefits, the parallel branches may not
be continuously required, nor may their static properties be suitable for every task
or configuration required of the robot. In these cases, adjustability is a desirable
property of the parallel branches, that may be exploited to further increase the ef-
fectiveness of the system. In general, for the compliant arrangements considered
here, three parameters may be considered for adjustment: pretension, transmission
ratio(s), and engageability. Generally, stiffness of mechanical elastic elements can-
not be adjusted directly; instead, adjustable transmission ratio is commonly utilised.
Fig. 10.1 gives a graphical overview of the three types of adjustability. Adjustable
pretension can in some sense be considered series-elastic actuation; however in con-
texts where the stiffness value is relatively small and the compliance augments some
main drive, this is commonly referred to as parallel compliance with adjustable pre-
tension.
FIGURE 10.1: Types of adjustability: a) Pretension, b) Transmission
ratio, and c) Engagement mechanism.
Each method has its respective benefits and drawbacks:
• Pretension and transmission ratio can be continuously adjusted, which is ben-
eficial for many control strategies;
• Adjustment of the transmission ratio allows to completely disengage the branch,
assuming the ratio can reach zero. However, as this method changes slope and
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not offset, it cannot provide nonzero torques at the joint configuration corre-
sponding to the elastic element’s equilibrium position. Furthermore, mechan-
ical implementation of variable transmission ratio is often cumbersome;
• Clutch mechanisms are simple to realise, however their disengagement can be
problematic due to release of stored energy, when one side contains an elastic
element under tension (as in this case).
Due to the binary nature of clutch mechanisms, we shall focus on the other two,
namely adjustable pretension and adjustable transmission ratio. We consider the
impact of these methods of adjusting compliance properties on generated torque, by
returning to (10.1). For adjustable pretension, we take the derivative w.r.t. p:
δτ
δp
= −k n, (10.4)
which does not depend on p, showing the adjustment is linear, and is independent
of q, i.e. changing p results in a constant offset of τ . For adjustable transmission ratio,
we take the derivative w.r.t. the transmission ratio n:
δτ
δn
= −k p− 2 k n q, (10.5)
which is a function of n, hence the adjustment is not linear. It can be observed the
first term results in a change in offset of τ for p 6= 0, and the second term shows that
the change of slope of τ(q) scales with 2n. As noted before, for n = 0 → τ = 0,
allowing to effectively disengage the compliant element.
10.1.2 Multi-articulation
In this section we formulate multi-articulated compliant branches, that span any
number of joints. Assuming an articulated robot with N joints, and a configura-
tion vector given by q = [q1, q2, . . . , qN ]
T ∈ Q where the joint space Q ⊂ <N , the
deflection ∆ ∈ < of a single multi-articulated branch is given by
∆ = p+ n1 q1 + n2 q2 + · · ·+ nN qN , (10.6)
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where n1 . . . nN ∈ < denote the transmission ratios for each of the N joints, shown
also in Fig. 10.2. Again, the sign of each ni indicates the direction of the correspond-
ing joint qi that increases the elongation of the tendon.
FIGURE 10.2: Multi-articulation of a single tendon for an N -joint
kinematic chain. The elastic tendon with pretension position p and
stiffness k is shown in red.
The torque τi ∈ < applied to the ith joint can then be written as
τi = −k ni (p+ n1 q1 + n2 q2 + · · ·+ nN qN ) , i = 1 . . . N, (10.7)
where k denotes the stiffness of the branch. Contracting the transmission ratios into
vector form, we can write the torque τ ∈ <N applied to all N joints as
τ = −tT k (p+ t q) ∈ <N , (10.8)
where the row vector t = [n1, n2, . . . , nN ] ∈ <N both maps the joint configurations to
elastic element elongation, and maps the produced linear tendon force back to joint
torques. The deflection is written using t as ∆ = p+ t q, and the linear tendon force
f ∈ < is equal to f = k (p+ t q).
In terms of adjustability of multi-articulated configurations, adjusting p affects the
torque on all joints linearly:
∇p τ = −tT k ∈ <N , (10.9)
whereas adjusting the transmission ratios t affects joints nonlinearly and is also de-
pendent on q:
∇t τ = −k (q t)T − k I (p+ t q) ∈ <N×N , (10.10)
where I denotes the N×N identity matrix. It can be observed the first term arises
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from the change in elongation of the element due to the changed transmission ratio,
and the second diagonal term arises from the change in conversion ratio from linear
tendon force to torque on the joints.
10.1.3 Multiple Branches
In this section we expand the previous section to a unified formulation for multiple,
possibly multi-articulated branches. Supposing we haveM parallel elastic branches,
we gather all their respective t vectors in an actuation topology matrix T ∈ <M×N , that







which gives rise to the vector of deflections: ∆ = p+T q ∈ <M , and correspondingly
the total torque τ ∈ <N on the robot exerted by the branches:
τ = −T T K (p + T q), (10.12)
where K ∈ <M×M is the diagonal matrix of stiffness values. Note that throughout
this Chapter superscript [·]T denotes transpose, whereas T denotes the matrix. The
vector of linear tendon forces f ∈ <M follows as f = K (p + T q). Similarly to the
single branch case, adjusting the pretensions p for M actuators yields:
∇pτ = −T T K ∈ <N×M . (10.13)
For adjustable transmission ratios, calculating ∇T τ yields a 3D tensor, of which the
components for the mth actuator are given by
∇tmτ = −km (q tm)
T − km I (pm + tm q) ∈ <N×M . (10.14)
Considering each tm is of dimension N , this means that up to N M variables are in-
volved. Of course, usually T can be considered quite sparse since all tendons are not
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driving all joints. In both cases the gradient with respect to the joint configurations
is:
∇qτ = −T T K T ∈ <N×N . (10.15)
Stopping for a moment to consider the different dynamics of adjustable pretension
and adjustable transmission of multi-articulated compliance, we find the latter ar-
guably provides more freedom in shaping the provided torque than the former,
due to changing the slope and the larger number of degrees of freedom (in multi-
articulation). As aforementioned, this also adds the potential benefit of disengaging
elements entirely from desired joints. However, significant drawbacks exist due to
the nonlinear behaviour on a potentially much larger configuration space, combined
with increased complexity in realising such structures. Therefore, at this point, we
choose to focus on adjustable pretension in our modelling and control formulation.
We now proceed with a modular model formulation using energy exchange through
the concept of power ports. Taking the time derivative of the deflections ∆, we find
the rate of change of the deflection of the elastic elements is given by
∆̇ = ṗ + T q̇. (10.16)
Given that the power flow into an elastic element is given by the force multiplied
by rate of displacement (i.e. P = f ∆̇), we find from port-Hamiltonian theory that(
f , ∆̇
)
∈ <N and (τ , q̇) ∈ <N describe anN -dimensional power port that exchanges
energy between the rigid body robot and compliant actuation branches driving it.
This power flow is the sum of each of the power flows in/out of the individual
elastic elements; indeed, power may flow between the elastic elements as well.
This concept is depicted graphically in Fig. 10.3, using Bond graph notation. The
first diagram shows the notation using t vectors, and the bottom diagram shows
how the T matrix completely describes the power flow between actuators and robot.
This formulation has several advantages for rapidly evaluating different actuation
topologies; by simply modifying T the transmission ratios and actuation configura-
tion of tendons can be quickly modified. It also enables modularity of the modelling
and simulation procedures by separating actuator dynamics from the articulated
132 Chapter 10. Advanced Control Methods










N-D mechanical power 

















FIGURE 10.3: Model formulation using N -dimensional power ports,
shown in Bond graph notation. The bottom diagram shows how the
actuation topology matrix T describes the power flow between actu-
ators and robot.
10.2 Control Strategies
Various control stategies can be employed to effectively utilise adjustability of (paral-
lel) compliance. In Chapters 7 and 8, inversion of the per-actuator pretension-torque
relations was utilised to obtain the pretension position references that lead to the
desired torques. To handle coupling resulting from multiarticulation, the equations
were solved in a cascaded manner. However, this method generalises poorly for
arbitrarily complex structures and requires a degree of designer intuition.
In the following sections, we propose two alternative methods to solve the torque
control problem through adjustable pretension, employing the multi-DoF, multi-
actuator formulation of Sec. 10.1.3. The first relies on the (pseudo)inverse of the
topology matrix T , which is a generalisation of the previous method. We show this
method suffers from limitations in certain situations, with regards to coupling and
unidirectionality of elastic elements. The second relies on gradient descent, which
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allows to simultaneously take coupling and unidirectionality of the elastic elements
as well as achievable pretension adjustment speeds into account.
10.2.1 (Pseudo)inverse
Returning to the multi-DoF, multi-actuator torque equation (10.12), we observe that





τ ∗ − T q, (10.17)
where τ ∗ denotes the desired torque, and p∗ denotes the resulting desired pretension
positions, respectively. If T is not full rank, the pseudoinverse may be used in (10.17).
This method is suitable for position controlled pretension as in Chapter 8, and is a
multi-DoF generalisation of the method presented in that work. However, using the
(pseudo)inverse, it is not possible to take unidirectionality of elastic elements into
account. Suitable preprocessing of the desired torque vector can resolve this issue
in certain cases, however this is not a general solution, hence this method is feasible
only if the resulting ∆ ≥ 0 or if bidirectional elastic elements are used.
10.2.2 Gradient Descent
To obtain a gradient descent based torque control law, we start with the torque con-
trol error e, defined as e = τ ∗ − τ ∈ <N . Taking the gradients with respect to p and
q, we obtain the rate of change of e as
ė = (∇pe) ṗ + (∇qe) q̇, (10.18)
where for now we have assumed the use of bidirectional elastic elements, or equiv-
alently, ∆ ≥ 0, i.e. no branches are in slack. Sec. 10.2.2 introduces an extension
for when this assumption does not hold. Since we can assume that the desired joint
torques do not depend on p, we have ∇p τ ∗ = 0, and the above equation can be
rewritten using the definition of e as
ė = − (∇pτ ) ṗ + (∇q τ ∗ −∇qτ ) q̇, (10.19)
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where ∇q τ ∗ depends on high-level controller and robot dynamics, and from Sec.
10.1.3 we recall:
∇pτ = −T T K,
∇qτ = −T T K T. (10.20)
At this point we introduce the squared l2-norm of e as our error measure. Using the
results above, the chain rule, and∇‖e‖22 = 2 e, we compute the gradient with respect
to p:





(τ ∗ − τ ) . (10.21)
Setting rate of change of p as ṗ = −γe∇p‖e‖22, where 0 < γe ≤ 1 is a suitable scaling
constant, ensures asymptotic convergence of e given q̇ = 0; Sec. 10.2.2 discusses the
extension to q̇ 6= 0. Furthermore, note that (10.21) does not depend on∇q τ ∗, i.e. the
controller is independent of the specific robot dynamics or its high-level controllers.
By taking the second order gradient of the squared l2-norm of e, we show that it is
















which is positive definite as the quadratic form is always positive definite. This
proves global asymptotic convergence of the error.
Constraint
The previous section assumed that either bidirectional elastic elements were used, or
equivalently, unidirectional elements for which the elongation ∆ ≥ 0. This Section
adds a dynamic potential function of which we take the gradient, so that the control
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algorithm will never attempt to descend in directions that run the tendons into slack,
and, conversely, avoids that tendons are run into slack due to joint motion.
To enforce unidirectionality constraints while maintaining continuity and global con-
vexity, we add a quadratic constraint potential term c(p), given by:
c(p) = −γconst ‖∆−(p))‖22, (10.23)
where ∆−(p) = min(∆(p),0) is the element-wise minimum, i.e. the constraint is
only active for branches that are currently in slack. γconst ∈ < is a large scaling
constant. By adding the constraint potential gradient, ṗ is given by
ṗ = −γe∇p‖e‖22 +∇p c(p), (10.24)
where ∇p‖e‖22 is given by (10.21) and ∇p c(p) = −2 γconst ∆−(p). Similarly to
(10.22), the second order gradient of c(p) results in a quadratic form which is glob-
ally convex. This constraint replaces the slack control component of the control strat-
egy described in Chapter 8. Achievable values of p due to mechanical constraints
can be similarly imposed in a convex manner.
Compensating for q̇ 6= 0
To ensure the convergence of the error under non-zero joint motion, we extend the
above gradient descent based control law with an additional term taking this motion
into account. Given q̇, we solve ė = 0 for ṗ in (10.19):
0 = − (∇pτ ) ṗ + (∇q τ ∗ −∇qτ ) q̇
(∇pτ ) ṗ = (∇q τ ∗ −∇qτ ) q̇





T T K T +∇q τ ∗
)
q̇, (10.25)
which we will refer to as ṗdq. This yields the rate of change of p needed to compen-
sate for the change in q, and thus keep the error constant. The first term is equal to
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−T q̇, and simply ensures that p + T q, i.e. the elongation ∆, remains constant. The




(∇q τ ∗) q̇ and compensates the change in de-
sired torque due to ∇q τ ∗ 6= 0. Of course, this last term requires knowledge of how
the desired torques will change as the joint configurations change, and is generally
not trivial to implement. Combining (10.25) with (10.24):
ṗ = −γe∇p‖e‖22 +∇p c(p) + γdq ṗdq, (10.26)
we obtain the rate of change of p that results in global asymptotic convergence of
e. The scaling constant 0 ≤ γdq ≤ 1 avoids excessive adjustment of the pretension
to compensate the joint motion, which for high gear ratios may reduce energy effi-
ciency, and is dependent on the mechanical implementation of the actuators.
Computing the Adjustment Velocities
The rate of change of p given by (10.26) may not be achievable in practice due to
speed limitations following from the mechanical implementation. Hence, ṗ is scaled
as follows to obtain the reference adjustment velocity ṗ∗:





max(|ṗ|) max(|ṗ|) > pvmax
1 Otherwise
, (10.28)
and pvmax denotes the maximum achievable adjustment velocity. This ensures none
of the branches are commanded beyond their speed limit, which would result in not
descending the gradient of the error norm in the correct direction.
10.2.3 Rankedness of T
The case of T not being full rank has one important consequence; the solution is
redundant. An intuitive interpretation of this is the example of two antagonistic
branches driving a single joint, in which increasing the tension of both in a certain
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proportion (given by their relative transmission ratio and stiffness values) does not
result in a change of net torque. This is an example of a single rank deficiency of T ,
resulting in a line in the p configuration space providing identical joint torques. For
more complex systems, T may be multiple rank deficient.
Since optimal energy efficiency is obtained by minimising the tension throughout
the system that loads the pretension mechanisms, a unique solution may be obtained
in the null space of the obtained solution. In the following we suggest two extensions
towards this end.
Pseudoinverse
When using the pseudoinverse based pretension control of Sec. 10.2.1, the following
extension may be used, minimising the squared l2-norm of the deflections ∆ in the
null space of the solution of (10.17):
min
x
‖∆‖22 = ‖ppsdo + Z x + T q‖22
s.t. ∆ ≥ 0 and p ≤ ppsdo + Z x ≤ p , (10.29)




, ppsdo denotes the pseudoinverse solution for p∗ given by
(10.17), and p, p denote the lower- and upper-bounds on p, respectively. Given
a solution xopt of (10.29), the new value for the desired pretension positions p∗ is
given by ppsdo + Z xopt.
Gradient Descent
For the gradient descent based solution of Sec. 10.2.2, one may add a gradient term
ctens(p):
ctens(p) = −γtens ‖∆(p))‖22, (10.30)
for which the gradient w.r.t. p is given by∇p ctens(p) = −2 γtens ∆(p). This gradient
is then added to (10.26). For simplicity and illustration of the core ideas of this work
however, we shall focus on systems with full rank T for the remaining Sections.
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10.2.4 An Illustrative Example
To illustrate the core ideas behind the gradient descent based control law, we start
with a simple example of a biarticulated robot with two joints and two adjustable









i.e. the first tendon is biarticulated, and the second is monoarticulated. The first joint
is driven only by the first tendon, and the second joint is driven by both tendons in
an antagonistic manner. We assume the tendons to be unidirectional. The stiffness
matrix K is given by K = diag (1000, 1000), and the joint configuration q = [0, 0]T .
The reference torques are set to τ ∗ = [10,−30]T Nm in this example. Furthermore,
we set the constraint parameter γconst = 108 and gradient descent parameter γe =
5∗10−6. Lastly, we assume a maximum adjustment velocity of pvmax = 0.05 m/s. The
landscape of the squared l2-norm is shown in Fig. 10.4, together with six example
evolutions with varying initial conditions for p. They can be seen to all converge to
the global minimum, indicated by the vertical dashed line.
The time evolutions of ‖e‖22, τ , and p are shown in Fig. 10.5. As the desired torques
can be achieved with ∆ ≥ 0 and T is full rank, the error norm converges to zero
for all evolutions. One can observe that while p takes relatively long to converge
(bottom figures), this is beneficial: the error norm is very small after 5 seconds (top-
left figure), and further adjustment of the pretension yields only small reduction of
the error. Out of these six example evolutions, numbers 1–4 have initial conditions
where at least one of the two branches is in slack. It can be seen that the constraint
described in Sec. 10.2.2 is effective, driving the branches out of slack at the maximum
velocity. From the time evolutions of p1 and p2 (bottom figures), one may be tempted
to think there is undesired overshoot in the pretension positions (e.g. evolution 1).
However, this “overshoot” is desired, as due to the biarticular coupling between
the joints, this reduces the torque error norm while the other pretension position
converges.












FIGURE 10.4: Gradient descent: Squared l2-norm of e. The superim-
posed red lines show example evolutions (see also time evolutions in
Fig. 10.5) of p and the corresponding squared l2-norm of the error.
They can be seen to converge to the global minimum, indicated by
the vertical dashed line.
10.3 Simulation Study
In this Section we present a simulation study on a model of the planar 3-DoF leg
prototype presented in Chapter 9. The model includes viscous friction components
at the joints, actuator dynamics with friction in the motor drives and drive trains,
and elastic element internal damping. Furthermore, low-level torque control is im-
plemented for the SEAs, velocity control is implemented for the parallel pretension
motors, and voltage and current limits are imposed. For brevity we skip its dynam-
ics modelling; it is analogous to that of the 2-DoF leg in Chapter 8. A diagram of
the model and its parameters are shown in Fig. 10.6. In this simulation study we
consider two actuation topologies; the monoarticulated and biarticulated configura-
tions which were described in Chapter 9. The actuation topology matrices are given
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and the stiffness matrices are given by Kmono = diag(5900, 8600, 0) and
Kbi = diag(32000, 8600, 0), respectively. As evidenced by the zero columns in (10.32),
the hip joint is not augmented with a parallel branch.
In this study, we first perform a number of point-to-point motions in Cartesian space
with the hip of the robot, keeping the torso upright. Each pose is maintained for ten
seconds to clearly illustrate the transient behaviour of the proposed control strategy
given the system’s parameters. Fig. 10.7 shows the joint configuration references and
tracking for the biarticulated configuration; the monoarticulated configuration is not
shown for brevity, however tracking is almost identical. The figure is augmented to
show the leg poses at various time instances, showing the wide range of executed




FIGURE 10.6: 3-DoF leg model used in simulation, shown in both
mono- and biarticulated actuation configurations.
motions. Phases A–D and F denote the aforementioned static poses. The second part
of the reference motion involves a cyclic Cartesian trajectory of the hip in an elliptical
squatting motion, to demonstrate its behaviour under highly dynamic motion. This
part is denoted as phase E in Fig. 10.7.
A B C D E F
FIGURE 10.7: Joint references and tracking.
The robot is controlled with simple joint-level impedance controllers as high-level
control strategy, providing the torque references for the gradient descent based con-
troller of Sec. 10.2.2. As in Chapters 7 and 8, the SEAs are torque controlled to ensure
the desired net torques are always achieved at the joints. We set the gradient descent
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parameter γe = 1 ∗ 10−6, the constraint parameter γconst = 102, and γdq = 0.1. The
maximum pretension adjustment velocity of this system is approximately 3 cm/s,
imposed by the transmission ratio, chosen electric motors and supply voltage of
48 V.
The results are shown in Fig. 10.7 and 10.8. The torque plots for the ankle (Fig. 10.8a
and 10.8b) and knee (Fig. 10.8c and 10.8d) confirm that indeed the net torques τ 1 and
τ 2 are nearly identical when comparing the mono- and biarticulated cases, showing
that the SEAs can effectively ensure the desired net torque is achieved at the joints,
and that the motions are comparable.
Considering on the torque provided by the parallel elastic tendons (red lines in Fig.
10.8a–10.8d) for both joints in both cases, they can be observed to converge to the net
desired torque, causing the required SEA torque to converge to zero, unless the de-
sired joint torque is not feasible given the tendon actuation topology. For example,
negative ankle torques cannot be provided by the ankle tendon, causing the ten-
don torque to converge to zero and the SEA providing the full negative torque (e.g.
phases C and D, where the center of pressure is behind the ankle joint and the ankle
needs to provide negative torque). Furthermore, from the elastic element elongation
shown in Fig. 10.8g and 10.8h, it can be observed that the constraint (Sec. 10.2.2)
effectively constrains the unidirectional tendons to zero elongation. These results
show the gradient descent based control approach is effective at achieving torque
control of the system using (multi-)articulated compliant arrangements.
During the cyclic motion part of the reference, the tendon torques are unable to con-
verge to the reference torque entirely, as the pretension adjustment speed limits do
not allow for it (and the load motion compensation parameter γdq = 0.1); however,
their smaller adjustments combined with the optimised design do lead to a substan-
tial reduction of the error, causing the SEAs to need to deliver only a fraction of the
net joint torque. This in turn allows to design for small, light, efficient motors. In
the monoarticulated knee case, the SEA is providing less than 10 Nm peak torque
out of approx. 70 Nm required net peak torque. In the biarticulated case, the SEAs
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are providing less than 5 Nm on both the knee and ankle joints. In the monoarticu-
lated ankle case, a smaller reduction in torque requirements is observed; the depen-
dence of ankle load on the configuration of both joints results in the monoarticulated
tendon not providing a torque that matches well with the required torque, despite
substantial pretension adjustment of the ankle tendon (Fig. 10.8e).
Comparing the two actuation topologies, we observe that the biarticulated configu-
ration is both able to provide the desired net joint torques more accurately, as well as
needing significantly smaller pretension adjustments to achieve them. This conclu-
sion is further strengthened by comparing the squared l2-norm of the error for both
cases, shown in Fig. 10.8i and 10.8j. We can therefore conclude that the biarticulated
configuration is more suitable for the system under consideration.
10.4 Conclusions
This work has developed a novel model formulation of compliant actuation struc-
tures for articulated robots, including multiple branches and multi-articulation. The
modular formulation employs a single matrix to describe the entire actuation topol-
ogy, and formulates the energy exchange between the compliant elements and artic-
ulated multi-body robot dynamics using N-D power flows.
Using this formulation, we derived a novel gradient descent based control law for
compliant actuation structures with adjustable pretension, with proven convexity
for arbitrary actuation topologies. Unidirectional elastic elements were considered
through the inclusion of a convex constraint into the formulation.
A simulation study on a model of the 3-DoF prototype leg presented in Chapter 9,
using the mono- and biarticulated actuation topologies, reported that the gradient
descent based control method is effective for torque control of the parallel tendons,
leading to asymptotic convergence of the error. Additionally, the results illustrate
that the chosen actuation topology and optimisation of its design parameters are
also fundamental for optimal performance.
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(A) Monoarticulated: Ankle (q1) torques. (B) Biarticulated: Ankle (q1) torques.
(C) Monoarticulated: Knee (q2) torques. (D) Biarticulated: Knee (q2) torques.












(E) Monoarticulated: Pretension positions.












(F) Biarticulated: Pretension positions.










(G) Monoarticulated: Elastic element elongation.










(H) Biarticulated: Elastic element elongation.








(I) Monoarticulated: Squared l2-norm of error.








(J) Biarticulated: Squared l2-norm of error.
FIGURE 10.8: Simulation results for gradient descent based control.
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Conclusions & Future Work
This thesis has presented a number of contributions that advance the state-of-the-
art in compliant robotic actuation. We have taken a two-part approach, within the
overarching theme of high-performance compliant robotic actuation. Part I inves-
tigated the influence of design and control aspects on the performance of Series-
Elastic Actuations (SEAs). Particularly, it investigated the influence of the choice of
physical series stiffness on torque controllability, backdrivability/transparency, and
impedance rendering. Furthermore, the robust torque control of SEAs through the
use of disturbance observers was considered.
Part II considered the augmentation of articulated robots, driven by SEAs, with the
addition of adjustable parallel compliance, including multiple branches and multi-
articulation. Particularly, parallel compliance with adjustable pretension using sec-
ondary motors was considered. Building on a 1-DoF proof-of-concept, the concepts
were extended and generalised towards multi-DoF and multi-articulated schemes.
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A 3-DoF prototype leg was designed and used to effectively demonstrate the con-
cepts on a real-world system, and advanced control concepts were introduced.
The work presented in this thesis gives rise to a number of open research questions.
Hence, we suggest a number of areas for future work.
Further experimental validation of the work presented in Part I would be highly ben-
eficial. Particularly, comparing impedance rendering capability in practice proved
difficult; using a secondary motor driving the actuator externally, thereby impos-
ing its output position, should provide further insight. Similarly, the comparison
between different DOB structures presented in Chapter 5 would benefit from exper-
imental data.
The optimality criterion for selecting SEA stiffness based on impedance rendering
requirements, presented in Chapter 4, can be further extended by considering more
criteria than impedance rendering bandwidth alone. Lastly, whereas the SEAs con-
sidered in this thesis are those with linear stiffness, the results suggest that nonlinear
(stiffening) profiles may combine the low stiffness optimal for transparency with the
high stiffness optimal for torque tracking.
With regards to Part II, many potential benefits remain to be explored. Firstly, at
this point only initial experiments have been performed with the 3-DoF prototype
hardware, which already demonstrated large energy efficiency increases. However,
the inclusion of an integrated control strategy that actively utilises the adjustability
of the parallel branches, such as those utilised in Chapters 8 and 10, is still underway
and is expected to further increase the benefits of the proposed actuation structures.
Secondly, while Chapter 10 contained a brief foray into other types of adjustability,
such as variable transmission ratios, much work remains.
The systems used throughout Part II of this work have relied on relatively powerful
series-elastic actuation as main drives, capable of actuating the robot even without
the parallel compliant branches, to allow for direct comparison of the proposed con-
cepts with state-of-the-art SEA based actuation. However, due to the significantly
lower torque and power requirements imposed on the SEAs by using the parallel
compliance, these can be designed differently. For example, gearbox ratios can be
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reduced to improve achievable joint speeds. Alternatively, smaller, lighter and more
energy efficient SEAs can be used, further increasing overall system performance.
A further benefit that was envisioned at the start of the works presented in Part
II was the use of the parallel branches to improve the high-power performance of
robotic systems, for example in explosive motions such as jumping. Work in this
direction is currently underway.
The advanced control methods proposed in Chapter 10 lend themselves very well to
the inclusion of energy expenditure; the magnitude of pretension adjustment can be
considered in the context of energy consumed by the motors to do so. Furthermore,
extensions towards predictive control in an energy efficiency context are promising.
Lastly, whereas in the systems considered in Part II series-elastic main drives were
augmented with parallel elastic tendons, we believe effective systems can be de-
signed that employ only such elastic tendons, in multi-articulated configurations,
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